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Comparing Four Bootstrap Methods for Stratified
Three-Stage Sampling

Hiroshi Saigo'

For a stratified three-stage sampling design with simple random sampling without
replacement at each stage, only the Bernoulli bootstrap is currently available as a bootstrap
for design-based inference under arbitrary sampling fractions. This article extends three other
methods (the mirror-match bootstrap, the rescaling bootstrap, and the without-replacement
bootstrap) to the design and conducts simulation study that estimates variances and constructs
coverage intervals for a population total and selected quantiles. The without-replacement
bootstrap proves the least biased of the four methods when estimating the variances of
quantiles. Otherwise, the methods are comparable.

Key words: Multistage sampling; high sampling fractions; resampling methods; quantile
estimation.

1. Introduction

For most stratified multi-stage sampling designs, unbiased variance estimators of statistics
expressed by linear functions of the observations are available. However, for nonlinear
statistics and functionals, closed-form variance formulas are often unavailable.
Consequently, bootstrap methods can serve for variance estimation of such statistics
under stratified multi-stage sampling designs.

When the sampling fractions at the first stage are small, bootstrap methods for stratified
multi-stage sampling designs are simplified because without-replacement sampling can be
approximated by with-replacement sampling (Shao and Tu 1995, p.235). But when the
sampling fractions at the first stage are not negligible, bootstrap methods for consistent
variance estimation become complicated and few have been developed. For instance, for a
stratified three-stage with simple random sampling without replacement at each stage
(ST—-SI’) with arbitrary sampling fractions, no bootstrap procedure is available except the
Bernoulli Bootstrap (BBE) proposed by Funaoka, Saigo, Sitter, and Toida (2006) for the
1997 Japanese National Survey of Prices (NSP).

A resampling method for quantile estimation is particularly important for the NSP
because to analyze price formations for major consumers’ goods, comprehensive quantile
estimates are presented in the NSP report. In 1997, ST—SI® was conducted in the NSP.
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First, 3,233 municipalities (the primary sampling units) were stratified into 537 strata
according to prefectures, economic spheres, and population sizes. At the first stage, the
simple random sampling without replacement was conducted. Since price formations were
locally correlated, large first-stage sampling fractions were adopted according to
population size: 1/1, 2/3, 1/3, 1/5, and 1/15. At the second stage, all large-scale outlets
were enumerated, while for small scale outlets, sampled municipalities were divided into
survey areas (the secondary sampling units) each consisting of about 100 outlets.
Systematic sampling was used to choose survey areas. The second-stage sampling
fractions were between 0.1 and 1.0. Finally, in each selected survey area, about 40 small
outlets were selected via ordered systematic sampling. Funaoka et al. (2006) regarded the
systematic sampling at the second and third stages as simple random sampling without
replacement and applied the BBE for quantile estimation.

However, Funaoka et al. (2006) studied only the BBE. A comparative study of several
resampling methods is necessary. Although thorough simulation studies have been
conducted about the bootstrap for sampling from a finite population (e.g., Kovar, Rao, and
Wu 1988; Sitter 1992a, 1992b), none of them has compared the methods under ST-SI.
The study is particularly important not only for the NSP but also the Family Income
Expenditure Survey in Japan, where the ST—SI® design is employed.

In this article, we extend the following bootstrap approaches to ST—SI® and compare
them with the BBE for variance estimation as well as interval estimation through a
simulation study using pseudo-populations: the mirror-match bootstrap (BMM) by Sitter
(1992a) which covers ST—SI?; the rescaling bootstrap (BRS) originally proposed by Rao
and Wu (1988) for ST—SI? by rescaling the study variable and then modified by Rao, Wu,
and Yue (1992) for ST-SI with replacement by rescaling the sampling weights to handle
quantile estimation; and the without-replacement bootstrap (BWO) originally argued by
Gross (1980) for ST-SI and then extended by Sitter (1992b) to ST-SI%. The with-
replacement bootstrap (BWR) is included as a special case of the BMM (Sitter 1992a).
A theoretical comparison of the four methods is beyond the scope of this article.

This article is organized as follows. Section 2 describes ST-SI>. Section 3 presents the
BBE and an extension of the BMM, the BRS, and the BWO to ST—SI°. In Section 4, we
conduct a simulation study to compare the four bootstrap methods under ST—SI°.
Concluding remarks are made in Section 5.

2. Stratified Three-Stage Design

In this section, we describe ST—SI°, a stratified three-stage design with simple random
sampling without replacement at each stage (see Sdrndal, Swensson, and Wretman 1992,
pp. 146-150).

Suppose that a population is stratified into H strata, labeled as h (h = 1,2, . . ., H).
Stratum h has N, primary sampling units (PSUs) in it, labeled as i€ Py =
{1,2,...,Ny}. Primary sampling unit { € P, has M,; secondary sampling units
(SSUs) in it, labeled as j € Ppo; = {1,2, . . ., Mp;}. Secondary sampling unit j € Pjp;
has Lj; ultimate sampling units (USUs) in it, labeled as k € Pp3; = {1,2, . . ., Ly;}.
Ultimate sampling unit k € Pj3;; has the characteristic(s) of interest y;;;. The population

o H
total is given by Y.... =377 D Zicp D iep, Zkephm Vhijk-
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Under ST-SI®, sampling is carried out independently in different strata. In stratum A,
we take a simple random sample without replacement (SI) of size n,, from P;,; and denote
the set of the sampled labels by Sy,;. Then, for i € Sy, we take an SI of size my,; from Pjy;
and denote the set of the sampled labels by Sj;. Finally, for j € S)5;, we take an SI of size
Ipij from Py3; and denote the set of the sampled labels by Sps3;;.

An unbiased estimator of the population total is given by

= E g g E WhijkYhijk (D
h=1 iEShleShZi kES;,:;,j

where  wyji —fhlfhz,fhs,, with fp = ny/Np, fioi = mpi /My, and  fr3; = lpij/ L.
An unbiased variance estimator for ¥.... is given by

V(?) Z{Nh(l fhl) 2 +Z Nthz(l tht) 221

=1 IpIMpi

ny My NthiLﬁ"(l _fh3ij) 2
R

= o My M Lnij

X

— 2 — 2
, B R . .
where = (= 1) Z,»es,,(m..—n...gz St = (m = 1) Z,ESM,,(YM, Vi)
and 8h31j (lhﬂ 1) ZIESm”k (yhlfk yhl] with th Zjeshz, ZkESh;,, fh2lfh3l]yhl]k’
B -1
Vi =, s, Viiens Viige = Dopesy Loy Yoiee =i Yies, Vs and Sny. =

1
ll]k ZkESm,, yhlfk H
To estimate the distribution function F(x)=),_ > icp, Zjep,ﬂ, ZkEPm,-,-

I(ynje = x)/ ZhH:l > iep,, Zjepm Ly;, where I(-) is the indicator function, an unbiased
point estimator is given by

F(x) ZZ Z Z th/kl()’huk — x)/z thl]k

=1 IESy JESkES)3i h=1 IESn jESni kESi

A closed-form variance formula is provided by replacing ypx with I(yu; = x) in v(f/ ).

For estimating quantile F ~!(p) = inf {x : F(x) = p} forp € (0, 1), the direct inversion
estimator F “(p)=inf {x: Fi (x) = p} is available. However, no closed-form variance
formula is available for F'~!( p). Although the Woodruff method can handle variance
estimation (Woodruff 1952; see also Shao and Tu 1995, p.238), the bootstrap is
a reasonable choice because it can accommodate nonsmoothed statistics other than
quantiles as well.

3. Bootstrap Methods

The bootstrap methods considered here can be described as follows. Suppose an

estimator of the parameter 6 can be written as 6= Wik, Yhijs h = 1,2, .. . H,
i € Si,j € Sioisk € Spajj), where the sample weight wy,; is given in (1). Then, through
the bootstrap method employed, obtain a bootstrap sample {Szl,hz 1,2,...,H;
Spoini € 821;8231.].,] € Sy} and calculate 6* = I(W;;jk,yhijk;h =1,2,...,Hi €S,

JE S, kE 8231.]). The methods below are different in values of wzijk and creation
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of a bootstrap sample {S, ,h=1,2, .. L H; Siniri € Spis Sigijni € Sjpi}- But all of
them satisfy the condition that for ¥'..= S Yies, Ljes., Zkes;w Wit Vhijks
E.(Y:.)=Y...and V.(Y".)=v(Y....), where E.(-) and V.(-) are the expectation and
variance under repeated bootstrap resampling, respectively. The proofs of the results for
the four methods are given in a separate appendix available from the author upon request.

For variance estimation, one can perform a Monte Carlo simulation, i.e., repeat
the above resampling and calculation of 6" a large number of times B and obtain
an estimate by Vboor(0) = (B — 1)2521 ((9: — é*) , where éz is the value of §* in the
bth bootstrap sample and 6. = B~ 'S0 6,

3.1. Bernoulli Bootstrap

In the BBE proposed by Funaoka et al. (2006), a bootstrap sample is constructed through
random replacement of the sampled units. The procedure is performed independently for
h=1,2,...,H.

Step 1. Choose (n;, — 1) labels by simple random sampling with replacement from Sy;.
Denote the candidate set by C,,. For each i € S, we: (a) keep it in the bootstrap
sample with probability p,; =1 — (1/2)(1 - n;1)71(1 — fn),; or (b) replace it with
one randomly selected from C;,. If (a) is the case, go to Step 2.

Step 2. For i kept at Step 1, choose (mj,; — 1) labels by simple random
sampling with replacement from Sj;. Denote the candidate set by C,,;. For each
J € Sii, we: (c) keep it in the bootstrap sample with probability pj; = 1 — (1/ 2)]),71
fin(l — m;il)_ Y(1 = fan); or (d) replace it with one randomly selected from CZZ:" If (c)is
the case, go to Step 3.

Step 3. For j kept at Step 2, choose (/,; — 1) labels by simple random sampling with
replacement from Sj;3;. Denote the candidate set by Cy;. For each k € Spay, we:
(e) keep it in the bootstrap sample with probability puz; =1 — (1/2)p; 'fiupsa:
fani(l — l;ljl)‘l(l — f3mj); or (f) replace it with one randomly selected from Cf&j.

Denote the resultant bootstrap sample by {S;,h=12,... H;Sp;,i € Sy
Shaijp € SZzi} and let wj.; = Wy

Creating the candidate sets is necessary to make the procedure feasible for any ny,, m;,
[p;; = 2 (Funaoka et al. 2006).

Obviously, the BBE retains the original sample sizes and the original sample
weights. This is desirable in dealing with randomly imputed survey data (Saigo, Shao,
and Sitter 2001).

3.2.  Mirror-Match Bootstrap

The BMM proposed by Sitter (1992a) can be extended to ST—SI’ as follows.
The procedure is performed independently for h = 1,2, . . . H.

Step 0. Choose  mj,mj,andl};; such that 1 =n), =n,/2—fu),
L=mj; = mp/{1+ 1 = fro)(my — np) /(N =)}, and 1= 1 < Ly /{1 + (1 = frap)
(mpi — mp) | My —my)}. Let  for =mnj/my, fro = my/muis  Frai = Ui/ s

knt = {np(L= )3/ Anf(L=fa) b knoi = {Np(L =)}/ {nn(L = f) Y {mpi(L = 100}/
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{m},(1 = faan)}, and ki = {Mui(1 = f2)} / {mni(1 = f 0} {1 —ff,3ij)}/{l;,i,~(1 —fmip}-
If desirable, we may randomize kj;, kj;, and k3, to realize Ex« (f;;l )=fn1, Ex (fzzi) = i
and E*(fZSij) = fn3ij. See the comment made in the second paragraph below Step 3.
Step 1. If k,, is an integer, kj = ky,. If not, let ky = |k, ] with probability
Dnl = (kh]1 - [khl]fl)/(lkmjfl - [khl]il) or ku; = [kn] otherwise. Repeat indepen-
dently kj; times simple random sampling without replacement of size n/, from Sj;.
Denote the subsampled 7, = n/,ky labels by S,

Step 2. For each i € S),: if Kjp; is an integer, ko = ko3 if not, let kyy; = kjo;] with
probability pjy = (kj} — fkhz,-T‘)/ (lkhz,-J" - [khzirl) or kyoi =[kiail otherwise.
Repeat independently kj;; times simple random sampling without replacement of size
m,. from Sjy;. Denote the subsampled 7, = m h,kh21 labels by S,

Step 3. For each j € S),.: if ky;3;; is an mteger khgy = kh3,,, if not, let km,l k3] with
probability p3; = (khg,, [knsif ] ) / ([kh3,JJ L7 ) or ki3 = lkis;] otherwise.
Repeat independently kj3;; times simple random sampling without replacement of size
lj; from Sy;3;;. Denote the subsampled ZZU = },;kiaij labels by Sps..

The bootstrap sample weight is given by ., = (N /i, ) (Mi /i) (Lii/ 7;,-1-) .Toconduct a
Monte Carlo simulation, repeat Steps 1-3 a large number of times B. In the separate
appendix, it is shown that n, /(2 — f1,) = 1, my; /{1 + (1 = fra)(np, — n})/(Ny — np)} = 1
and Ly /{1 + (1 = fuzip)(mp; — my,) /(M — my)} = 1 for 2 = njy < Ny, 2 = my; < My,
and2 = [j; < Lp;. Thus, the method is always feasible. Note that by letting
nj, = mj,; = I;; = 1, the with-replacement bootstrap (BWR) follows from the BMM.

If 1=<nufu, = mfni, andl = ly;fp3;, randomizing nj,mj);, and l’hl] may yield
E«(f) = funs E«(fr:) = fii- and Ex (nyj) = fn3;. Specifically, replace the first sentence
in step 0 by “Let i), = |y, f1] with probability [n,f;1] — nhfhl or i), = [npf 1| otherwise;
let m;n [y f12:] with probability [my,; fra:] — mpi fo: or m hi = [myi foil otherwise; and let
l = |l f h3UJ with probablhty [lh,j fhgy] Lpijfr3ij or lhy [l fn3ij] otherwise.” Then
replace nj,, m);, and [ pij With 7 nh, mhl, and lh in the second sentence in Step 0.

Under ST-SI, the conditions E'- (f hl) =fnth=1,2, ,H) ensure third-order
moment matching (Sitter 1992a). Although no theoretical explanation is available for a
multistage design, we may pursue the conditions E. (f;l) =fm, E« (f;lz,) = fi2i, and
E. (f;m]) = fn3;; that possibly improve the BMM’s performance.

To implement a Monte Carlo simulation, repeat Steps 0—3 a large number of times B.

3.3.  Rescaling Bootstrap

Rao and Wu (1988) proposed a BRS method that rescales residuals to provide consistent
variance estimation for a parameter defined as a smooth function of the population means.
This approach, however, cannot handle variance estimation for sample quantiles. Rao,
Wu, and Yue (1992) studied a modified BRS method that rescales sample weights to
accommodate quantile estimation under stratified multistage sampling where the first
stage sampling fractions are negligible. Here, we present a weight-rescaling BRS for
ST-SI® with any sampling fractions. The procedure is conducted independently for
h=12 ... H
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Step 0. Choose posmve integers nh,mhl, and l,“ fori € Sy, j € Shz, To avoid negative
weights, choose nh = —fn) Yy — 1), mhl < ny(ny, — D7'A —fhl)fh1 (mp; — 1)
(1= fiz) ™", and G = myi (my = 1)1 = fia) frh (ng = D (1 = fizy) ! if possible.
For example, if fru =1/2 and fjy =1/2 for all h and i, we may choose
n, =ny — 1,my,; =my — 1, andlzij =l — 1

Step 1. Choose n,, labels randomly with replacement from Sy;. Let 7, be the number of
times label i € Sy is selected. We may equivalently carry out this step by letting
(Fzzl,mzz, . .,ﬁ;nh) ~ MN(n;; 1/np, 1/ny, ..., 1/n;), where MN stands for the
multinomial distribution.

Step 2. If 7i;; = 1 for i € S, choose fi,m;, labels randomly with replacement from
Sipi. Let ﬁ’l;lj be the number of times label j € Sy is selected. Equivalently,
let (M, sy, - o oy, ) ~ MN(npmys U fmy, Vfmy, .1 myg), IE 7y, = 0, let
ﬁ’l;l] Oforj S Sh21

Step 3 If mh” 1, choose mhglm, labels randomly with replacement from Sj3;.
Let lh, x be the number of times label k € Sj3; is selected. Equivalently,
let (l,wl,l,”ﬂ, . l,w,h ) ~ MN (i lyis 1/ lhijs Vb s - - - 1/ lg) . TE i =0, let
lhljk = 0Ofork € Sh'%y

The bootstrap sample is the same as the original sample, but the bootstrap sample
weights are given by

* pr * L ® % % e o ~E
Wik = thjjk{ Ut ai (7 = my, /) + B (mhij = mhi) + Yhijk (lhijk = Myl i > }’

where

wi=np\/ 1 _fhl/\/nZ(nh —1),
Brij =/ nnfn1 /nymnin/1 _fh2i/\/ my(my; — 1),
Vhijk = \/nhfhl /n;, \/mhithi/mZglhlj\/ 1 _thij/\/ lzlj(lhij —1).

Rao and Wu (1988) studied the choice of the resample sizes for ST—SI with replacement
when rescaling the study variable y to match the third order moments and to capture the
second term of Edgeworth expansions with known strata variances. Note, however, that no
theory has been developed for multistage designs.

For variance estimation, repeat Steps 13 for a large number of times B and perform a
Monte Carlo simulation.

3.4.  Without-Replacement Bootstrap

An extended BWO method for a stratified two-stage design (Sitter 1992b) can be extended
further to ST—SI® as follows. The procedure is conducted independently in
h=1,2,...,H.

Step 0. We need the following integer random variables to create a pseudo-population
by copying the original sampled units.
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For PSUs Compute the following constants:

v =mp(1 = n, '+ N, 1), 9 =[], and v, = vy );

knt = Nany, *vi, kit = [kn1l, and k1 = | J; and

ant = kni {1 = vi/ (k) }/{va(np by — 1)}, and

an = ki {1 = v/ (ki) } / {n(npkn — 1)}

Define (i1}, kn1) as

Pr{(ﬁzylzhl) = (Ylul_(hl)} =pn andPr{ (ip knt) = (mGhl)} =1-pmn,

where ppi = [(1 — fn)/{nn(ny — DY — aml/{am — an)

For SSUs Compute the following constants:

e

E.g oy () =iy, (1= pa)vy s

_ R N -1\ _ :
Mni = mhi{NhE*(h;,khl)(nh )(1 my, ) + M, }, ni = [usil, and Meni = Lenil:
Koi = My, wi, Knoi = [kpail, and kjo; = |kioil; and
api = /_Chzi{l — Wi/ (mhil_chzi)} / {/;Lhi(mhi]_{hzi - 1)}, and
ami = ]ShZi{l — fni/ (mhi]Sh2i)} / {ﬂlzi(mhilthi - 1)}
Define { (i}, knoi) } as:
Pr { (i, knai) = (l_Lhi,/_Chzi)} = pnoi and Pr{ (Mg, knai) = (i ]ShZi)}
=1 — Ph2i, where
Pri = [(1 _fh2i)/{NhE*(-* ) (ﬁ;,_1>mhi(mhi - 1)} - ahz} /@i — anai)

* \ K J

For USUs Compute the following constants:

Sk—1\ -1 -—1.
E*(m/*w/;hzi) (mh ) _phZil‘_th. + (1 N phZi)Mhi ’
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J— ~%—] P . .
)\hlfi - lhii (NhE*(ﬁ;th/) (nh )MhE*(ﬁl;wi(hZii) (mhi )(1 — lhlj) + Lhij )7
Xnij = (i), and Ny = A ;

_ -2 - _ B '
kizij = Laijlg; Anijs Knsig = ki), and kysi; = |kyzyil; and
@i = ks {1 = Mg/ Dnighasi) } / { nij (bihansyg — 1)}, and
ansiy = kizii{ 1 — Xnig/ nipknzip) } /{Xh,-j (lhl.jkh3ij _ 1)}

. ~k ~
Define (lhl.j7 Kh3,'j) as :

Pr { (7:,,;/, /_Chaij) = (Z\hip EhSij) } = pu3ijand Pr{ (?Z,j, l~€h3ij) = (Xhija Ehaij) }

=1 — pp3jj, where

Pr3ij = {(1 _fh3ij)/{NhE* (ir don) (n;l_l)MhiE*(ﬁ . )(m;[_l)lhij(lhzj - 1)}

1y, Knoi

- Qh3ij] /@i — anzij)-

Step 1. Generate (7, ky1 ). Copy Spi&y times to create P, of size ny&y;.

Step 2. For each i € P,,, generate (/i;,, Rin;). Copy Spai(i € P,,)Rpy times to create
PZZ:’ of size mh,-fchz,-.

Step 3. For each j € P,,.(i € P,,), generate (ﬁﬂj, I~<h3,j). Copy Suij(j € Py
i € Py, )knayj times to create Py, of size lyjknsij.

Step 4. Conduct ST—SI? from the pseudo-population to obtain a bootstrap sample: first,
take an SI of size 7, from P}, to get S;,; then for i € S;,, take an SI of size 7y,
from P}, to get Sj,; and finally forj € S;,;(i € S},), take an SI of size 7;] from P),,; to
get Spa-

The bootstrap sampling weights are given by wy., = (N, /i) (Myi/y,) (Lhij /7;,]>
It is shown in the separate appendix that p,i,pui, pr3ij € [0, 1] and that vy, kpy, @ p,
knoi, Anij, and ky3;; are all positive integers for ny, my,;, l,; = 2. For variance estimation,
repeat Steps 1—4 for a large number of times B.

For efficient computations, we may avoid unnecessary random number generation by
replacing Steps 1—4 with the following steps:

Step 1. Generate (7ij, k 41 ). Copy Shi, k,, times to create P}, of size n,k ;. Sample S},
of size #i, from P}, without replacement.

Step 2'. For each i € Sy, generate (i}, kini). Copy Sy, (i € P )kno: times to create
P,s; of myik ;. Sample S, of size iy, from P}, without replacement.

Step 3'. For each j € S, (i €S, ), generate (ZZ,;,-J_CMU)- Copy S)3i(J € Siis
i € Sy,) kn3; times to create 77;31.]. of size lyjky3;. Sample 8231:]. of size Tzij from ’P;ﬂ,}

This procedure is similar to the BMM.
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3.5.  Numerical Illustration

To illustrate, let us consider a single-stratum (H = 1) population which has N = 10
PSUs each composed of M; = 20 SSUs each with L; = 30 USUs in it. The sample sizes
used are n = 4,m; = 8, and [;; = 3. Since H = 1, we suppress subscript 4 in what follows.
Creation of a bootstrap sample in the four methods is carried out as follows.

In the BBE:

Step 1. Choose 3 PSUs as a candidate set through simple random sampling with
replacement from the 4 PSUs in the sample. For each of the 4 PSUs, keep it
with probability 0.60 or replace it with one randomly selected from the 3 PSUs in the
candidate set. For the PSUs kept in this step, go to the next step.

Step 2. Choose 7 SSUs as a candidate set through simple random sampling with
replacement from the 8§ SSUs in the sample. For each of the 8 SSUs, keep it
with probability 0.771 or replace it with one randomly selected from the 7 PSUs in
the candidate set. For the SSUs kept in this step, go to the next step.

Step 3. Choose 2 USUs as a candidate set through simple random sampling with
replacement from the 3 USUs in the sample. For each of the 3 USUs, keep it
with probability 0.767 or replace it with one randomly selected from the 2 USUs in
the candidate set.

In the BMM:

Step 0. Let n' = 2,m} = 3, and [}, = 1, say.

Step 1. Let k; = 1 with probability 0.20 or = 2 otherwise. Generate k; and repeat k;
times simple random sampling without replacement of size 2 from the 4 PSUs.

Step 2. Let ky; = 8 with probability 0.64 or = 9 otherwise. For each of the PSUs taken
in Step 1, generate ky; and repeat k»; times simple random sampling without replacement
of size 3 from the 8 SSUs.

Step 3. Let kz,j = 5 with probability 0.63 or = 6 otherwise. For each of the SSUs taken
in Step 2, generate k3,, and repeat k3,] times simple random sampling without
replacement of size 1 from the 3 USUs (This is equivalent to simple random sampling
with replacement of size k3;).

In the BRS:

Step 0. Let n* = 3, m; =7, and [}; = 2, say.

Step 1. Choose 3 PSUs from 4 PSUs via simple random sampling with replacement. Let
i; be the number of times that PSU i is selected.

Step 2. For i such that #i; = 1, choose 77; SSUs from 8 SSUs in PSU i via simple
random sampling with replacement. Let ﬁ1;] be the number of times that SSU j in PSU i
is selected. For i such that 7;; = 0, let /i; = 0;

Step 3. For ij such that m = 1, choose 2m USUs from 2 USUs in SSU j in PSU i via
simple random sampling Wlth replacement. Let l . be the number of times that USU k in
SSU j in PSU i is selected. For ij such that ﬁz* =0, let T gk = 0. Use o; = 1.03,
Bij = 0.65, and y;x = 0.70 for weight rescaling.
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In the BWO:

Step 0. Define the following integer random variables: (7%, k) = (3, 3) with probability
0.44 or = (4,2) otherwise; (71;, ky) = (20,7) with probability 0.47 or = (21, 6)
otherwise; and (7;, ]~€3,‘j) = (5, 19) with probability 0.29 or = (6, 18) otherwise.

Step 1. Generate (7%, k;) and copy 4 PSUs k; times.

Step 2. For each i in the copied PSUs in Step 1, generate (7], k»;) and copy 6 SUSs k»;
times.

Step 3. For each j in the copied SSUs in PSU i in Step 2, generate (7;,
USUs k3;; times.

Step 4. Mimic the original sampling under the created pseudo-population with realized
sample sizes 71", 7, , and?jj.

123,-1-) and copy 2

4. Simulation Study

We compared the four bootstrap methods through a limited simulation study. To focus
on design-based properties, we generated a population and fixed it under repeated
sampling. We created two populations. In Population I, stratification was less effective
and the intra-cluster correlation was low. On the other hand, in Population I, stratification
was more effective and the intra-cluster correlation was high. Both had H = 4 strata.
Each stratum had N;, = 10 primary sampling units, each of which had M;; = 20 secondary
sampling units, each having L;; = 30 ultimate sampling units. We chose the small
number of strata to obtain a clear picture of the pseudo-populations under study. The
study variables y;;; were generated as follows. First, we generated wp = w; + Onltpi,
where u;, and oy, are listed in Table 1 and uy; ~ 1idN(0, 1). Second, we generated
Mhij = i + /(1 = p2)/ propup;,  where  up; ~ iidN(0, 1).  Finally, we generated
Yhijk = Mehij + (1 - p3)/p30’huh,-jk, where Upjjk ~ iidN(O7 1). We set (p27p3) = (0.2,0.3)
for Population I (low intra-cluster correlation) and (p2, p3) = (0.5,0.5) for Population II
(high intra-cluster correlation).

Figure 1 shows the histograms of yj in Stratum i (h = 1,2, 3,4) in Population I, with
five vertical lines showing the population quantiles for p = 0.10,0.25,0.50,0.75,0.90.
Since stratification is weak in Population I, the characteristic yy;; in a stratum overlaps
those in the other strata.

On the other hand, stratification in Population II is effective. In particular, the first
quartile F ~1(0.25), the median F ~'(0.5), and the third quartile F ~'(0.75) are located at
the stratum boundary between h = landh =2,h=2andh =3, andh = 3andh = 4,
respectively (see Figure 2).

Table 1. Parameter Values to Create a Population

Population I Population II
h Mop oy 1293 Op
1 200 20.0 200 10.0
2 150 15.0 150 1.5
3 120 12.0 120 6.0
4

100 10.0 100 5.0
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Fig. 1. Histograms of yp;c in Strata h (h=1,2,3,4) in Population 1. Note: The five vertical lines show
F~!(p) with p=0.1,0.25, 0.50,0.75,0.9

Since high sampling fractions were the concern, all the first stage sampling fractions
were nonnegligible. Table 2 shows the first- and second-stage sampling fractions in the
simulation. The third-stage sampling fractions were set to be f,3; = 0.1.

In the BMM, n),,mj),, and [}; were randomized to get E. (Fm) =Fns Ex(fr:) = Fiis
and E. (fZ3ij> = fr3;j when possible (see Section 3.2) or nj =1,m); = landl},; =1
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Fig. 2. Histograms of yy; in Strata h (h=1,2,3,4) in Population Il. Note: The five vertical lines show
F~!(p) with p=0.1,0.25, 0.50,0.75,0.9
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Table 2. The sampling Fractions in the Simulation Study

h fhl fh2i fh3ij
1 0.5 0.4 0.1
2 0.4 0.4 0.1
3 0.2 0.2 0.1
4 0.2 0.2 0.1

otherwise. In the BRS, n;, =n;, — 1,m,; = my; — 1, and lZij = I;;; — 1, which assures that
W;ijk > 0.

The parameters of interest 6 were the population total Y.... and quantiles
F~'(p)(p =0.1,0.25,0.5,0.75,0.9), and their point estimators were given by Y.... and
F~1(p) in Section 2. In each simulation run, we generated B = 1,000 bootstrap samples to
estimate variance and made a bootstrap histogram. Variance was estimated by vb,,o,(é) in
Section 3. To evaluate the empirical coverage, the 0.1 and 0.9 points of the bootstrap
histogram were employed to calculate the lower- and upper-tail errors defined below (see
Shao and Tu 1995, pp.132-133, for using the bootstrap histogram to construct a
confidence interval). The relative bias (%Bias) and the instability (the coefficient of
variation, %Instb) in variance estimation, and the lower- and upper-tail errors (%L and
%U) were evaluated through § = 1,000 simulation runs while the variance V(é) was
estimated by 10,000 iterations:

S

%Bias = {51 W (6 — V(é)}/V(é)x 100,

s=1

s 1/2
%Instb = {S‘lz (v (B — V(é))z} / V(6) x 100,
s=1

%L = S~ '#{0 < the 0.1 point of bootstrap histgram of éZ} X 100,

%U = S~ '#{0 > the 0.9 point of bootstrap histgram of é:} X 100,

The empirical coverage rate was computed as (100 — %L — %U) percent.
Tables 3 and 4 show the results for the four bootstrap methods for Populations I and II,
respectively. We observe from Tables 3 and 4 the following points.

1. In estimating variances for the estimated population total in both Populations I
and II, the performance measures for the four methods are almost identical.
This was expected because the four methods satisfy E. (f’*) =Y.
and V. (f/ *) = v(f/ ) , so the differences in %Bias reflect only Monte Carlo errors.

2. In estimating variances for the five estimated quantiles in Population I, the four
methods perform similarly although the BWO is the least biased and the most stable.

3. In estimation for Population II, the four methods show remarkable differences: the
bias in variance estimation by the BRS can be serious; the instability of the BBE
tends to be greater than that of the BMM and the BWO; and the BMM and the BWO
perform similarly, although the latter is marginally less biased and more stable.
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Table 3. Variance Estimation and Tail Errors for Population I

205

%Bias 90Instb %L %U %Bias 90Instb %L %U
Y. .. F~10.10)
BBE —-1.7 60.4 12.2 13.0 9.4 101.6 21.4 9.4
BMM —1.7 60.4 11.9 13.1 9.3 98.2 19.6 8.7
BRS —1.7 60.5 12.2 13.2 10.0 101.9 20.1 8.6
BWO —3.1 59.1 12.1 13.4 6.7 95.5 20.1 8.8
F~1(0.25) F~1(0.50)
BBE 4.9 91.4 15.4 17.2 9.1 96.6 8.0 19.0
BMM 4.2 89.6 15.2 17.2 9.1 95.7 8.5 18.3
BRS 4.3 91.1 154 16.8 9.0 97.7 9.1 18.3
BWO 2.1 84.4 16.0 17.0 6.8 93.4 9.2 18.4
F~1(0.75) F~1(0.90)
BBE 4.6 47.6 12.2 10.1 6.4 54.7 10.7 13.2
BMM 3.9 47.8 12.4 9.8 7.1 56.3 10.7 12.5
BRS 3.6 47.8 12.1 9.6 94 58.2 10.1 12.1
BWO 4.2 47.5 13.0 9.7 6.7 54.8 10.8 12.6
%oBias = {S 710, v{0, (0 — V(} /v x 100;
%olnstb = {57155, (40,(0) - V(é))z}l/Q/V(é) X 100;
%L = S~ 1#{6 < the 0.10 lower trail of 6,} X 100;
%U = S~ '#{6 < the 0.10 upper trail of 6, } X 100.
Table 4. Variance Estimation and Tail Errors for Population I1
%Bias %Instb %L %U %3Bias %Instb %L %U
Y. .. F~1(0.10)
BBE —-2.0 58.6 12.0 13.5 5.1 109.5 20.7 18.1
BMM —2.1 58.7 11.5 134 52 106.6 20.8 15.5
BRS —2.0 58.8 11.8 13.2 11.0 118.0 20.7 16.1
BWO —-3.6 57.4 12.2 13.5 2.8 104.3 20.9 15.5
F~1(0.25) F~1(0.50)
BBE —-5.8 88.7 10.6 21.2 1.4 1194 3.0 52.9
BMM 9.7 99.5 12.5 14.6 —24 83.1 3.5 31.3
BRS —20.3 77.6 16.3 18.9 —62.4 74.7 7.3 50.6
BWO 9.5 105.6 134 15.3 4.6 100.9 3.1 48.2
F10.75) F~1(0.90)
BBE 22.6 85.2 10.0 17.9 3.6 49.5 10.8 12.6
BMM 21.5 83.4 11.3 13.4 2.1 51.0 11.3 10.8
BRS —22.2 58.4 14.7 18.4 6.8 52.9 10.6 10.3
BWO 25.3 854 11.2 13.6 1.7 48.6 11.5 12.1
%oBias = {ST120, V{0, () — V(} /v(d) x 100;

%Instb = {S’IZL (v
%L = S~ '#{0 < the 0.10 lower trail ofHN;} X 100;
%U = S~'#{0 > the 0.10 upper trail of 97,} X 100.

boot

0 - V(é))2}1/2/V(é) X 100;
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4. Variance of sample quantiles is usually overestimated by the bootstrap
methods. However, the BRS seriously underestimates variance of F ~1(0.25),
F ~1(0.50), and F~10.75) in Population II. A possible explanation for this is as
follows. To fix the idea, define Wzijk such that V.. = S e St DS
Zke Sy Wzijkyh,jk. That is, Wzl-jk are the sum of bootstrap weights associated
with USU k in SSU j in PSU i in Stratum 4 in the original sample. In the BRS,
WZijk = w;;ijk > 0 for all the units in the original sample. Namely, the order statistics
in bootstrap samples do not change at all. By contrast, in the BBE, the BMM,
and the BWO, Wy, can be zero. In Population II, y,; around F~'(p), where
p=0.25,0.5, and 0.75, are scarce, and so are the sampled y,; around the points.
Possibly, the bootstrap pseudo-estimates, £~ *(p), where p = 0.25,0.5, and 0.75,
in the BRS vary too smoothly because of the fixed order statistics while those in
the BBE, the BMM, and the BWO fluctuate largely since some Wh,-jk are zero.

5. Overall poor performances of interval estimation are probably due to a small
population size with a small sample size. This is particularly true for the median in
Population II, where y values around the quantile are scarce. To test this point, we
conducted a simulation using the parameter values for Population II with doubled
N;, = 20 and M;; = 40 to find the actual tail error rates closer to the nominal rates.
The result showed that the lower and the upper-tail error rates were, respectively,
about 8% and 24%. We can, perhaps, improve the coverage rates through a more
sophisticated bootstrap confidence interval. But that is beyond the scope of this
article and we do not intend to pursue it here.

5. Conclusion

In this article, we first extended the three bootstrap methods to a stratified three-stage
design with simple random sampling without replacement at each stage: the mirror-match
bootstrap (BMM), the rescaling bootstrap (BRS), and the without-replacement bootstrap
(BWO). Then, we conducted a simulation study to examine the three methods as well as
the Bernoulli bootstrap (BBE). The simulation showed that (1) the four methods perform
similarly for estimating the variance of the estimated population total; (2) the four methods
perform differently for quantile estimation when stratification is effective; and (3) overall,
the BWO was the least biased while bias in variance estimation by the BRS was sometimes
remarkably large. The last observation supports the intuition that methods which better
mimic the original sampling will perform better as the estimators and the sampling design
become more complex (Sitter 1992b, p. 153). Theoretical research is beyond the scope of
this article and will be a future topic.
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