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Alternative Designs for Regression Estimation

Mingue Park'

Restricted random samples partially balanced on sample moments are compared with a two-
per-stratum design as designs for use with regression estimation. The shape of the average
weight for the best linear unbiased predictor as a function of the auxiliary variable is similar to
the shape of the inclusion probability for a sample partially balanced on the auxiliary variable.
In the simulation study the MSE of the regression estimator with the stratified random sample
is comparable to the regression estimator with the balanced sample when the assumed linear
model holds. When estimating the population cumulative distribution function at selected
points, two-per-stratum stratified random sampling shows better performance than partially
balanced samples.

Key words: Best linear unbiased predictor; regression estimator; regression superpopulation
model; balanced sampling.

1. Introduction

Design and estimation in survey sampling involve the use of information about the study
population, sometimes called auxiliary information, to construct efficient procedures. If
the auxiliary variables are available at the design stage for every element in the population,
they can be used in sample selection and in estimation. Stratification based on the size of
auxiliary variables is a commonly used design when such auxiliary information is
available. Stratified random sampling is covered in standard texts such as Cochran (1977)
and Sérndal et al. (1992).

Under a regression superpopulation model, the model variance of the regression
estimator for a simple random sample is smaller than that of the sample mean if the
multiple correlation coefficient is larger than the ratio of the number of auxiliary
variables to the sample size. The efficiency of the regression estimator relative to the
Horvitz-Thompson estimator in a design based approach has been addressed by, for
example, Cochran (1977) and Siarndal et al. (1992). Design consistency of the
regression estimator has been discussed by Isaki and Fuller (1982) and Robinson and
Sarndal (1983). Under a regression model, Fuller and Park (2002) give conditions under
which the regression estimator is the best linear model unbiased predictor (BLUP) and
is also design consistent.
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Royall (1992) gave results for a particular kind of balanced sample in which the sample
is selected so that the sample moments of the auxiliary variables are equal to the
population moments. He showed that, for a population satisfying the regression model, the
balanced sample is optimal in the sense that it minimizes the model variance of the BLUP
of the population total. Dorfman and Valliant (2000) considered the stratified balanced
sample constructed by selecting balanced samples from each stratum in a set of strata.
Using prediction theory, they concluded that an unstratified, balanced sample yields
essentially the same model variance for the BLUP as a stratified balanced sample.

Our motivation is estimation for a large-scale survey in which a large number of
analyses of a large number of variables is anticipated. In such a situation, a single model
usually fails to explain the relationship between all study variables and a set of auxiliary
variables. The set of sample weights that gives the BLUP for a particular variable need not
give the BLUP for other variables. Therefore it is desirable to construct robust strategies.
In this article, we consider several selection strategies for the regression estimator. By
deriving the approximate inclusion probabilities of samples partially balanced on auxiliary
variables, we compare the BLUP with a simple random sample to the BLUP for a partially
balanced sample. Through a simulation study, we compare stratified random sampling
with the partially balanced samples for regression estimation.

2. Balanced Samples and Restricted Random Sampling

Royall (1992) presented a theorem that identifies an optimal design for a particular model
and such that the design provides robustness against certain models. Royall assumed

E{yv} =XuB, Viyu}=2w )

where Xy is an N X p matrix of regressors, y is an N-dimensional column vector of study
variables, X yy is a diagonal matrix with diagonal elements oyy;;, i = 1,--+, N and N is the
population size. The matrix Xy and the matrix Xy are known. The vector 3 is unknown.
For a given sample A of n units, let

Ya ). EAA 0
Yu = Vi)’ Xy = X; |’ S = 0 S

where yj;, X; and 3 ;; are the quantities corresponding to nonsampled elements and y,,
X4 and 44 are the quantities corresponding to sampled elements. Let J, and Jv—p)
denote columns of ones of length n and (N — n), respectively. BLUP of the population
mean yy = N_](JInYA + JQan)YA) is

yervr =N "'Jlya + Jéan)XA,éwls) ()
where B = (XQEXAIXA)*I(XAEL;yA). The model variance is
V (eor = 3w} = N2 [Ty (XaGy X + ZanTov-n)| 3)

1
where G, = XL‘E;AI X4. Under the assumption that both % yyJy and 22, Jy are in the
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column space of X/, the BLUP of the population mean, defined in (2), can be expressed as

Yorur = X Buis 4)

and the variance of the BLUP satisfies the inequality
1 2
V (pLor = v} = N‘2{n" (J’N ZUUJN) —J’NEUUJN} )

The bound in (5) is attained if and only if the design satisfies

1 -1 X
Lyzax, = IXe ©)
n 2
JVZLuIn
and in which case
B 1/1.,.3 I3
YBLUP = N EJNEUUJN JnEAA Ya (7)

See, Royall (1992).

A sample which satisfies the condition (6) is called a weighted balanced sample. See
Royall and Herson (1973) and Royall (1992). When Xyy is the identity matrix of
dimension N, Iy, a sample satisfying the condition, X,, = Xy, is called a (simple) balanced
sample, where X,, is the sample mean and X is the population mean. The condition (6) is a
condition on the weighted sample mean. To see this, let the first element of x be equal to
one and denote the vector of auxiliary variables by x; = (1, x; ;). Then the condition (6) on
the first element of x is

n o~ 2
> ol
i€V
Thus, the sample size n of a weighted balanced sample satisfies
st (500
=y (Zot] (5
€A i€v

and a weighted balanced sample satisfies the condition

-1
_1 1
E : 2 2 —x
Oii E 0; X1 | =X1N (8)

i€EA IEA

The condition §8) implies that the weighted sample mean in which weights are
proportional to o;;* is equal to the population mean of x;.

If the model is misspecifled, especially if the model for the study variable fails to
include a set of important auxiliary variables, say Z, Royall (1992) suggested the selection
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of a balanced sample which is balanced on the variable Z as well as on the original set of
auxiliary variables X so that the BLUP under the model (1) is still model unbiased under
the more general model,

E{yy} =XyB+Zyy, Viyu}=32w )

Several authors have studied selecting a sample that has preferred properties. Goodman
and Kish (1950) suggested a controlled selection by which the probabilities of selection
for preferred samples are increased. Hajek (1964) introduced rejective sampling in which
samples that do not meet a specified condition are rejected. Herson (1976) discussed the
selection of a balanced sample in which simple random samples are drawn and any that are
not sufficiently close to being balanced are rejected.

Valliant, Dorfman, and Royall (2000, Section 3.4.4) defined a restrictive random
sampling plan using standardized measures of imbalance for a given sample A. Suppose

we seek balance on p auxiliary variables xp, - -, x,. Define
AA) = |Vn(x;,, — X)) 1
Sx,v,N

where S)%/-,N =N-17"! Yoievi — )‘cjﬁN)z. A sample is considered sufficiently close to
balance if, for a prescribed constant &;,

Aj(A) =8 forall j=1,---p (10)

The steps of balanced sampling are

1. Specity §; forj=1,---,p.

2. Select a simple random sample without replacement.

3. Retain the sample if (10) is satisfied; otherwise replace the sample into the population
and repeat Step 2.

We will refer the sample that satisfies the condition (10) as a restricted random sample
partially balanced on xj,---,x,. The choice of & is somewhat arbitrary. Royall and
Cumberland (1981) discussed reasonable choices for 6.

3. Inclusion Probabilities for a Restricted Random Sample

The first order inclusion probability ; for a restricted random sample partially balanced
on auxiliary variables is the probability that the i-th element is in the sample conditional on
the sample means of auxiliary variables satisfying the specified constraints. For simplicity,
assume we have one auxiliary variable and assume that the population mean of the
auxiliary variable is equal to zero. Let 6 > 0 and assume the sample is rejected unless
|x,] = 8. The first order inclusion probability for element i is
nPr{—n"lx;—8<n"'(n— Dxp-1) < —n " x; + §}

. T
TN Pr{—06<x, <0 (i

where X,y is the mean of n — 1 observations selected from a population of N — 1
elements with the i-th observation deleted. If we assume approximate normality of the
auxiliary variable we can approximate the inclusion probability using the normal
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distribution function.

"7 N Fuay) — Fulay) (2

where
1
a == [oX1 = f)] 2n28
a =[o3(1 = f)] ‘%n%s
bt =[o2(1 = )] 20— ) 2=~ )

bip =[03(1 = )] 7%(11 - 1)%’/1(_”713@ +9)

o2 is the population variance of x, F.(-) is the distribution function of the standard
normal distribution. For a given 6 and x;, the approximate inclusion probability in (12)
approaches the sampling fraction as n — 0.

A second approximation for the first order inclusion probability for a restricted random
sample can be derived by using the conditional probability suggested by Tillé (1998).
Under the approximate normality of X,, an approximate unconditional inclusion

probability for element i in a sample with sample mean X, is

. nf(xli € A) n O-X_.(li) d;
i e = — - —_— 13
TN fG) Nol P T2 13
where
2y
ol=Vix|l7Z}=01-f) ;

- - oz 2
0';(,')=V{)‘c,,|iEA’37}=W{SZ _ N(x xN)}

n2(N — 2) NN = 1)?

L [N - i)
@ —%{W}

S)%,N =WN-D1"! jvzl(xj - )_CN)Z,f()_Cn) and f(x,|i € A) are normal density functions that
have means Xy and Xy + [n(N — D] "N — n)(x; — Xy), and variances of and o%_(i),
respectively, and # = (x, - - -, xy) is the set of values of the auxiliary variable for the finite
population. The variance af is the design variance of the sample mean and 0%,(1') is the
conditional design variance of the sample mean conditional on the i-th element being in
the sample. If x; = Xy + c¢+/r for a nonzero constant c, then the d; defined in (13) goes to
infinity and the corresponding approximate inclusion probability of x; approaches zero as r
increases. That is, an observation that is far away from the population mean has a small
inclusion probability.
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By analogy to (12), an approximate second order inclusion probability for elements i
and j in a restricted random sample partially balanced on x, for a given 6 > 0, is

A

PO nn—1) Pr{ —n"lx; —n_lxj —6<nl(n = DX(p-2) < —n"lx; —n_lxj+6}
Y7 N(N-1) Pr{—8<x, <38}
_ n(n— 1) F(byja) — Fo(by1)
NN —1) Fyax) — F(ar)

(14)

where
biji= o1 -1f)] 2(n—2) 2n(—n"\x; - )

bya= [0 )] 20— D 3n(-n "+ )

and 02, a; and a, are defined in (12).
The conditional design expectation and variance of the sample mean given that the i-th
and j-th elements are in the sample are

N —
E{x,[G.)) €A, T} =3n + ——— n(NV — 2) {(i —Xn) + (5 — xn)} 15)

and

(n—=2)(N—nmN — 1)

2 =VI{E|G, j) EA, T} = X C 16
o-x,(tj) {xll(lvj) ’ } nZ(N _ 2)(N _ 3) ( )
where
1 - .
C=Sy—5o 2[<x,—xN> + (5 = FW) g O I~ )

and Si‘N is defined in (13). Then, an approximate second order inclusion probability for a
restricted random sample is

S ( 1) x(t]) _@
NN =) o exp( 2) a7

where

N — 2
dij = x(%]){ N = 2) [(xi = Xn) + (xj — XN)]}

and 0' and o2 %) are as defined in (13) and (16), respectively.

To investigate approximations for the first and second order inclusion probabilities
for a restricted random sample, we generated a population of size 1,050 from N(5, 1)
and selected 50,000 samples of size 30 using the restricted random sampling plan
with 6 = 0.126. The 6 = 0.126 is chosen so that the sampling procedure rejects about
90% of samples, and provides reasonable balance. See Herson (1976) and Royall and
Cumberland (1981). 440,417 samples were rejected to obtain 50,000 samples. That is,
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the fraction of samples rejected is around 0.90. Figure 1 shows the estimated first
order inclusion probabilities and the two approximations plotted against the values of
x, where the approximations are defined in (12) and (13). The two approximations for
the first order inclusion probabilities are almost the same and both approximate
reasonably well the true inclusion probabilities. The average selection probability is
1/35, which is 0.02857. The standard error of the mean of a sample of 50,000
binomial random variables with mean 0.02857 is 0.0007451. In Figure 1, we also plot
the approximation plus and minus 1.96 standard errors. About 4.2% of the sample
probabilities fall outside the bound.

In a regression of the estimated probability on the approximation without an intercept,
weighted by the variance of the estimated probability, the regression coefficient was 1.00
and the standardized residual mean square was 0.97. This result was true for both
approximations. If an intercept is included in the regression, we obtain

p = 00018 + 0937A;
(0.0010) (0.034)

for approximation (13), denoted by A3, and
p = 0.0037 + 0871Ap;,

(0.0009) (0.032)

for approximation (12), denoted by Aj,. In both cases the standardized residual mean
square is 0.97. Approximation (13) is superior in this example, but both approximations
perform well. Approximations tend to overestimate small inclusion probabilities.

0.032 -
0.030 -
Z 0028 |-
=
i
g 0.026 |
=
2
::;
£ 0024 |
i e  Estimated inclusion prob
Ve —— Inclusion prob in (13)
0.022 + / Inclusion prob in (12)
——- Upper and Lower bound for approx. (13)
0.020 | | | |
2 4 6 8

Fig. 1. Estimated first order inclusion probabilities for restricted random samples and their approximations
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Figure 2 shows the estimated second order inclusion probabilities corresponding to
pairs of elements such that x; < x;. The second order inclusion probabilities for the pair of
elements in which both x-values are quite small or both quite large relative to the
population mean are small. For a pair of elements in which one is much smaller than the
population mean and the other is larger than the population mean, the second order
inclusion probability is relatively large. This is because the balanced sampling scheme
forces the sample mean to be close to the population mean.

Regressing the estimated second order inclusion probability on the approximations
without intercept gives an estimated regression coefficient of 1.00 for both
approximations. Like the approximations of the first order inclusion probability, both
approximations (14) and (17) tend to overestimate small second order inclusion
probabilities. Among the 5% smallest estimated inclusion probabilities, 99% are
overestimated by both approximations.

By assuming approximate multivariate normality for the mean vector of auxiliary
variables, approximations of the inclusion probabilities in (13) and (17) can be extended to
the case of multiple auxiliary variables. Let the vector of auxiliary variables for the i-th
element, x;, be available for all elements in the population. Approximations for the first and
second order inclusion probabilities for a balanced sample are

1 -1 1
7 % |2ﬁ|2|2ﬁ.(i)| 2exp {— E(Gxx.(i) - Gxx)} (18)
and
_ nn—1) 1 - !
= m |2,ﬁ|2|2356-,(lj)| 2 exp { - 5 (Gxx,(ij) - Gﬁ)} (19)
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Fig. 2. Estimated second order inclusion probabilities for restricted random samples
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respectively, where

R _ _ I _
Gu = &y — X025 Xy — X)) Gy = Reo1) — KN-1) 55 i) K1) — Xv-1)s

— — —1 — —
Gixiy = -2 = Kv-2) 2z, Rn-2) — Xv-2)'

K- =N = D7'WVxy — %), Xv—2) = (N — 2)"'(NXy — X; — X;), 25z is the covari-
ance matrix of X,, and 233 and E;Cgcy(,:,-) are the conditional covariance matrices of the
sample mean conditional on i € A and i, j € A, respectively. Using the constructed
approximate inclusion probabilities of a restricted random sample partially balanced on
auxiliary variables, the design related properties of an estimator such as design
unbiasedness, design consistency and unconditional variance under the design and model
can be evaluated approximately.

4. Regression Weights and Inclusion Probabilities for Balanced Sample

In this section, we compare the weights of a regression estimator for a simple random
nonreplacement sample and the regression weights for a balanced sample. The regression
estimator is the BLUP of (2) under the model (1) and is design consistent if there exists a
vector ¢ such that

TaaLy —J) =Xac (20)

where L is the vector of the inverse of inclusion probabilities. See also Fuller and Park
(2002). With a simple random nonreplacement sample of size n and a single auxiliary
variable, the regression estimator can be expressed as

Vreg = Zwi,regyi 21

i€A
where

—1
1 n
Wireg = ; + (XN - Xn) |JZ] (-xj - Xn)Z] (x,- - )_Cn)

(22)

(-xi - )_Cn)

) 7
n’lzjzl(xj - %,)?

The regression weight for an element in the sample defined in (22) can be approximated
by a function of the x;.
Theorem 1. Let # 5 = {x|,---,xy} be a sequence of finite populations, where Z y is a

1
== l"i_()_CN_)_Cn
n

random sample of size N from a superpopulation with finite fourth moments. Assume a
simple random nonreplacement sample is selected from each % . Let u and o be the
superpopulation mean and variance of x. Then the regression weight for x; of (22), given
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that x; is in the sample, satisfies
Xi — _ _ _ _ _
NWireg =1 + %(XN = Xn) +— Gy — X)X — Xn)
o o

( ) - )

Xi — M) _ _ _ B ——
- 0_4 (-XN - xn) |f’l IZ (xj - Xn)2 + Op n 2

=1

J

If, in addition, &y is a random sample from the normal distribution, then the
conditional expectation of the regression weight given that x; is in the sample, satisfies

_ _ _ 2 _
E{nwi,reglxi} =1+ (1 f)(zn 1) - (1 f)(n3 _Z?)n 3) (-xi - M)z
n n-o
3 (23)
G A=Ne=D _53)((;14_ D —wt+o[n 2

If the regression estimator is constructed for a simple random sample, the weight
applied to an observation in the sample is a function of the x-value and of the x-values in
the sample. Let w; ., be the regression weight for element i with w; .., = 0 if i & A. The
conditional expected value of the regression estimator is

E(Sregl 7} = E{Wireg )i (24)

i€v

We call E{w; ., } the average weight.

To compare the weights for a simple random nonreplacement sample with the
regression estimator to the strategy of a balanced sample with the regression estimator, we
consider the ratio of the average weight for an observation in the estimator for the
population mean to be n~!. We are comparing averages over all possible samples for a
particular procedure. For a simple random nonreplacement sample with the regression
estimator, the ratio is

Ri,SI = nE{Wi,reg } (25)

where E{w;|x;} is defined in (23). For a balanced sample with the regression estimator, the
ratio is

Ri,BAL = I’lilNﬁ',‘ (26)

where 77; is as defined in (12). The regression weight for a balanced sample under the
model (1) with the identity covariance matrix and a single auxiliary variable is n ™!
because X, = Xy for a balanced sample.

Figure 3 shows the two ratios (25) and (26) plotted against x for the population used to
generate Figure 1 of Section 3. In both cases, the weights for the elements near the center
are increased and the weights corresponding to extreme x values are decreased relative to
n~!. The shapes of the two relative weight functions are similar but a simple random
nonreplacement sample with the regression estimator gives a wider range in the ratios than
the strategy of a balanced sample with the regression estimator.
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Fig. 3. Approximate relative average weights for a simple random nonreplacement sample with the regression
estimator and for a balanced sample with the regression estimator

5. Restricted Random Sampling and Stratified Random Sampling

In Section 2, we introduced the result due to Royall (1992) that the model variance of the
BLUP under model (1) is minimized by selecting a sample with sample mean of x equal to
the population mean of x. Balancing on additional variables as well as on the regressors of
the assumed model provides model bias-robustness against the linear effects of the
additional variables.

Stratified random sampling with strata formed on the basis of the auxiliary variable is
another method of selection that produces an approximately balanced sample. The
deviation of the selected sample mean from the population mean is not perfectly controlled
in stratified random sampling. Thus, the model variance of the regression estimator
depends on the imbalance of the stratified simple random sample. But with a stratified
simple random sample, we can obtain the exact inclusion probabilities and we can
construct a model based regression estimator that is the BLUP under the assumed model
and is design consistent (see Fuller and Park 2002). A design consistent estimator has the
property of robustness to model failure in the sense that the estimator approaches the true
population characteristic as the sample and population sizes increase.

Let the population be sorted on the auxiliary variable x and let strata h, h = 1,---, H, be
formed, equalizing the number of units Ny = --- = Ny = N in each stratum. Assume that
simple random nonreplacement samples of size n; = --- = ny = ny are selected from

each stratum. Assume the model

E{yv} =XuB, Viyu}=0c"ly (27

where

X =y, X10), Xiv=G11,xans B= (B, B)
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yu is the vector of y for the population, Iy is the identity matrix of dimension N and Jy is the
column of ones with length N.
Under model (27), the BLUP for the population mean is

A

Yoror = XnB  =Vu+ Gn —I)B1 = Fre (28)

where

N n
v =N x), G F) =0 (i x),
i=1 =1

n -1 n
B= (B, B = lz Xi‘xi‘| > xly;
=1 =1

and n = nyH is the sample size. Because the model and stratified random sampling satisfy
condition (20), the regression estimator is equivalent to the BLUP. With a perfectly
balanced sample under the model (27), the BLUP is the sample mean.

Because the first element of x is equal to one, the conditional model variance of the
BLUP is

Vi{Freg — 3IXu) =z V{BIXy)E)y + VionIXy) — 2Cov{znpB, v IXy )

2

-1
2 / </ o
=0'X xXx; | Xy ——
() w5 .

U1 @ m? ]

— 7_‘,_ T
n N Zizl(xl,i — %1..)°

The conditional model variance of the BLUP for a perfectly balanced sample is

1 1
V{)_)reg - )-7N|XU7XH =3n} = 0'2 |:; - N:| =:Vp (30)

because X, , = X; v for a balanced sample.
The model relative efficiency of the BLUP with stratified simple random sampling to
the one with a perfectly balanced sample is

Vi{¥ree — InIXu} 4 G — Xin)?
Vi A= 130 =

where f =N ~'n < 1 and a perfectly balanced sample has %;, = ¥; y. Under stratified
simple random sampling, vy is design consistent for zero in that

=14y, 3

Yol Fn = 0p(n"")

Therefore, using this stratified sampling design, the strategy of a stratified
simple random sample with the regression estimator, that is the BLUP under the model,
is approximately as model efficient as the strategy of a balanced sample with the BLUP.
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To illustrate the difference between selection strategies, we consider the population that
was generated in Section 3. To select a stratified simple random sample, the population
was sorted on x and 15 equal-sized strata of size 70 were formed. We selected 50,000
stratified simple random samples of size 30 by selecting a simple random nonreplacement
sample of size 2 from each stratum. We chose this simple procedure, but one could use a
more complicated allocation and (or) stratum definition procedure based on within stratum
variance.

We also selected 50,000 samples of size 30 partially balanced on /x, x and x> by the
restricted random sampling plan with 6 = 0.126. The same procedure was used in
Dorfman and Valliant (2000) so that at least 10% of the best-balanced samples are
obtained. That is we selected samples which satisfied the conditions

(509 9)
< 0.126
S0.5)
M <0.126
S
30 -2) _ =2
V30(ED —3)| a6
S
where
) n ) ) N )
)'cﬁl/) = nilzx{, )'cg\',) = Nflzx{
i=1 i=1
and
1
N ' L2
ShH=|N=-D"> (x{ —xﬁv”) ]
i=1

forj = 0.5, 1, 2. The fraction of samples rejected is 0.96. 1,126,087 samples were rejected
to obtain 50,000 samples. The means of the 50,000 stratified simple random samples and
50,000 restricted random samples partially balanced on +/x, x and x? are 5.0000366 and
5.0003616, respectively. The simulation variance of the sample mean of x for stratified
simple random sampling is 0.00089 and the variance of the sample mean for restricted
random sampling is 0.00010.

Figure 4 shows the estimated inclusion probabilities for a restricted random sample
partially balanced on /x, x and x>. The elements that have large absolute deviation,
|x; — Xy|, have small inclusion probabilities, as we observed in Figure 1. The range of
estimated inclusion probabilities for a restricted random sample partially balanced on
Jx, x and x% is (0.00516,0.03172), which is much wider than that of inclusion
probabilities for a restricted random sample partially balanced on x only,
(0.02318,0.03128). By balancing on the additional auxiliary variables ./x and x2,
inclusion probabilities for the elements that are far from the population mean are
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0.005
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Fig. 4. Estimated inclusion probabilities for a restricted random sample partially balanced on x, \/x and x>

extremely small. Ten percent of estimated probabilities differ from the mean
probability of 0.02857 by more than 0.0015.

Table 1 shows the summary statistics for 50,000 y-values for stratified simple random
samples where vy is defined in (31). The maximum loss of efficiency under the assumed
model due to selecting a stratified simple random sample rather than a perfectly balanced
sample is 1.4%. Because the sample selected by restricted random sampling does not satisfy
the condition X,, = Xy, the actual +y for the BLUP with the restricted random sampling is not
zero. The maximum v for the BLUP with restricted random sampling is 0.06%.

In our finite population, the possible maximum model variance for a stratified sample
defined in (29) is 0.03355 and occurs if the two observations selected are the largest
x-values in each stratum. The corresponding 7y is 0.035222. Thus, the maximum possible
loss is 3.5%. The BLUP for the stratified simple random samples has approximately the
same efficiency as the BLUP with a balanced sample.

One can apply restricted sampling to the stratified design. For example, rejecting
samples with an efficiency loss greater than 0.5% would result in rejection of 1.5% of the
stratified samples.

In multipurpose surveys, it is common practice to use regression to construct a single set
of weights to be used in all analyses. In such cases, the set of weights that are BLUP for a
particular variable need not give the BLUP for another variable. We study the performance
of the regression estimator under alternative designs for the estimation of points on the
cumulative distribution function of a variable y closely related to x.

Table 1. Summary statistics of 7y for 50,000 stratified simple random samples

Minimum .25 Quantile = Median Mean .75 Quantile = Maximum

yX 100  0.000 0.008 0.036 0.083  0.108 1.400
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Let y; = x; + e;, where ¢; ~ N(0,0.05) and x; is the observation from the population of
auxiliary variable generated in Section 3. Let g; be the value satisfying

P; = Pr{y = g;} = 0.01;

for j =5, 10, 25, 50, 75, 90, and 95. The regression estimator with a stratified random
sample and the regression estimator with restricted random samples are considered. For
the restricted random sample, we consider a restricted random sample partially balanced
on x only and a restricted random sample partially balanced on /x, x and x?.

The regression estimator of the population parameter P; is

-1

" n 1 n

Pireg = Zl: —+ (v — %) LZI (0 — xn)Z] 6 — %) ol (32)
where

1 ify, =g
Ii; = .
0 otherwise.

We consider the following three strategies:

1. Regression estimator with a stratified simple random nonreplacement sample.
(Stratified random sample)

2. Regression estimator with a restricted random sample partially balanced on x.
(Partially balanced on x)

3. Regression estimator with a restricted random sample partially balanced on /x, x and
x2. (Partially balanced on \/x, x, x?)

Figure 5 shows the estimated relative design biases of the estimated cumulative
distribution function for the three strategies where the relative bias is

E{P]|7} — P,

Relative Bias = —;
min(P;, 1 — P))

(33)

For all P;, the stratified random sample has the smallest absolute bias. The restricted
random sample partially balanced on x severely underestimates the true values for Ps, Py,
and P»s. As we observed in Section 3, for a restricted random sample partially balanced
on x, the observations far from the mean have small inclusion probability so that
the regression estimator with a restricted random sample partially balanced on
x underestimates the small values of P.

Figure 6 shows the relative design MSE of the restricted random sample partially
balanced on x and of the restricted random sample partially balanced on /x, x and x?
relative to the MSE of the stratified random sample. With respect to MSE, the stratified
random sample has better performance than the restricted random samples for all P;. One
reason for this phenomenon is the smaller variability of the weights for the stratified
sample relative to that for the restricted random samples partially balanced on auxiliary
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Fig. 5. Monte Carlo relative design biases of the estimated proportion for the three strategies

variables. That is, the ratio of the regression weight to the sampling weight within each
stratum, is relatively stable.

To compare the three strategies for a skewed finite population, we generated a finite
population of size 1,050 as a sample from the chi-squared distribution with two degrees
of freedom. Samples were selected as described in Section 5 and the same three strategies
compared. Figure 7 shows the estimated relative design biases of the estimated
cumulative distribution functions of y for the three strategies for the finite population,
where y; = x; + e;, e; ~ N(0, 0.05) and x; is from the chi-squared distribution with two

26
24|
4
S 22+
(5]
2
S 20}
[~
1.8 F
1.6 s o Partially balanced on x 4
T +  Partially balanced on x, sqrt(x), x**2 o
L Il Il Il Il 1
0 20 40 60 80 100
P

Fig. 6. Monte Carlo relative design MSE of the estimated proportions for two design strategies relative to
stratified random sample



Park: Alternative Designs for Regression Estimation 557

0.05
+
y;
B o _ e e
00F T e .i~\ﬂ\.‘\.‘.;.—.e/€.’..
—O— g T - e
m + T \
9] \\
2 .
= -005r *
& o Stratified random sample \\\
+ Partially balanced on x ‘e
® Partially balanced on x, sqrt(x), x**2 \\\
-0.10 i
.
L Il Il Il Il 1
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degrees of freedom. The relative bias is defined in (33). Except for Pjy and P7s, the
stratified random sample has the smallest absolute bias. For Py, the stratified random
sample and the restricted random sample partially balanced on /x, x and x? have smaller
absolute bias than the restricted random sample partially balanced on x. All three strategies
are comparable for P75. Unlike other strategies, the restricted random sample partially
balanced on \/x, x, and x? severely underestimates the true population values Poy and Pos.
This is because, for this skewed finite population, the chance that elements with large x-
values are selected is extremely small for a restricted random sample partially balanced on
Jx, x, and x2.

Figure 8 shows the design MSE of the restricted random sample partially balanced on x
and of the restricted random sample partially balanced on +/x, x and x? relative to the
stratified random sample for the skewed population. With respect to MSE, the stratified
random sample has much better performance for the skewed population, with relative
efficiencies 114% to 310%.

Means, variances, biases and MSEs of the regression estimator corresponding to
different designs, population parameters are given in the Appendix for the two finite
populations.

6. Discussion

Restricted random sampling partially balanced on auxiliary variables and stratified
random sampling as designs for the regression estimator are compared. Through
simulation, we found that the median loss in efficiency for the mean of y made by selecting
a stratified sample instead of a perfectly balanced sample is 0.036% for a normal
population. The maximum possible loss for the mean is 3.5% and the mean loss is 0.083%
for the illustrative finite population selected from a normal population. In estimating the
population distribution function of a variable y, strongly correlated with the auxiliary
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variable, the stratified random sample shows much better performance than the restricted
random samples partially balanced on auxiliary variables. This was true for both
symmetric and skewed finite populations.

In a large-scale survey, many variables of interest are obtained, and one set of weights
typically is used. It is difficult to construct a model that is appropriate for all possible
variables, especially for dichotomous variables. For such a situation, the stratified random
sample is more robust for the regression estimation than the restricted random sampling.

It seems that some restrictions are placed on samples in practice. That is, few
practitioners would retain a stratified sample that contained the largest elements in each
stratum. Our investigation suggests that the imposition of modest restriction on the
stratified random sample will have modest effects on the selection probabilities. For
example, to reduce the largest loss associated with a stratified sample from 3.5% to 0.5%
requires rejection of 1.5% of the stratified samples.

Appendix

Table 2. Properties of estimated proportion for the regression estimator with a stratified simple random
nonreplacement sample of size 30 for finite population generated from the normal distribution

Variable Mean Bias X 10° Variance X 103 MSE X 103
P5 0.0498 —0.209 0.548 0.548
P10 0.0996 —-0.397 0.783 0.783
P25 0.2492 —0.802 1.422 1.423
P50 0.5002 0.187 1.639 1.639
P75 0.7507 0.716 1.307 1.307
P90 0.9006 0.595 0.743 0.744

P95 0.9510 0.973 0.605 0.606
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Table 3.  Properties of estimated proportion for the regression estimator with a restricted random sample of size
30 partially balanced on x for finite population generated from the normal distribution

Variable Mean Bias X 103 Variance X 103 MSE X 103
P5 0.0476 —2.356 1.188 1.193
P10 0.0965 —3.539 1.972 1.984
P25 0.2465 —3.507 3.051 3.064
P50 0.5002 0.195 3.075 3.076
P75 0.7535 3.455 2.969 2.981
P90 0.9033 3.255 1.954 1.964
P95 0.9528 2.803 1.180 1.188

Table 4.  Properties of estimated proportion for the regression estimator with a restricted random sample of size
30 partially balanced on \/x, x and x* for finite population generated from the normal distribution

Variable Mean Bias X 103 Variance X 103 MSE X 103
P5 0.0496 —-0.371 0.884 0.885
P10 0.1008 0.777 1.428 1.429
P25 0.2519 1.855 2.540 2.543
P50 0.5005 0.472 3.109 3.109
P75 0.7483 —1.663 2.368 2.371
P90 0.8994 —0.606 1.410 1.410
P95 0.9513 1.255 0.945 0.947

Table 5. Properties of estimated proportion for the regression estimator with a stratified simple random
nonreplacement sample of size 30 for finite population generated as a sample from the exponential distribution

Variable Mean Bias X 10° Variance X 103 MSE X 103
P5 0.0501 0.054 1.104 1.104
P10 0.0994 —0.639 1.588 1.588
P25 0.2479 —2.111 1.789 1.793
P50 0.4979 —2.064 1.319 1.323
P75 0.7485 —1.482 0.742 0.745
P90 0.8996 —0.400 0.573 0.574
P95 0.9503 0.290 0.366 0.366

Table 6.  Properties of estimated proportion for the regression estimator with a restricted random sample of size
30 partially balanced on x for finite population generated as a sample from the exponential distribution

Variable Mean Bias X 10° Variance X 103 MSE X 103
P5 0.0492 —0.835 1.446 1.446
P10 0.0974 —2.562 2.581 2.588
P25 0.2446 —5.384 4.622 4.651
P50 0.4943 —-5.710 4.169 4.201
P75 0.7488 —1.218 1.957 1.958
P90 0.9016 1.616 1.278 1.280

P95 0.9521 2.127 0.892 0.897
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Table 7. Properties of estimated proportion for the regression estimator with a restricted random sample of size
30 partially balanced on \Jx, x and x> for finite population generated as a sample from the exponential
distribution

Variable Mean Bias X 103 Variance X 103 MSE X 103
P5 0.0499 —0.097 1.258 1.258
P10 0.0998 —0.197 1.987 1.987
P25 0.2527 2.671 2.657 2.664
P50 0.5058 5.769 2.372 2.405
P75 0.7487 —1.307 1.700 1.702
P90 0.8922 —7.803 1.083 1.144
P95 0.9436 —6.432 0.525 0.567

Proof of Theorem 1. The regression weight of (22) is a function of (Xy — X,,), (x; — X,,)
and n ! Z}L](xj — %,)%. These statistics can be formulated as

1
Iv—X%=0-f) [)'C(Nn) — X(u-1) — ;(xi - J_C(nl))]

1
X — X, = (1 - ) (xXi = X(u-1))
n
and

n n
-1 N2 n— 1 - 2 1 e 2
n ngl (x; — X,) ] =2 (xXi = X(u—1y) +;]Z=]:[xj Xn-1)]

Viald

(34)

where
1 n
X‘ _ = X;
(n—1) n— 1; ]
Jj#i

and

1
X(N—n) = N — n(N)_CN — nx,)

For a superpopulation with finite fourth moments, we have

1 _1
Iv — Xl = 0,(n72),  x; — Xulxi = (; — w) + 0,(n"2),

and

n
-1 )
n E (x; — X,)
J=1

because  E{(ty — X,)’lx;} = O(n "), E{[(x; = X,) — (x; — wI*|x;} = O ™), E{[n"!
S = 1) — 0’ Plu) = 0™ and n 72— D@ = %))’ = Op(n~"). By

apﬁ’ying the Taylor expansion to n(x; — )'cn)[z;lzl(xj —%,)%17" as a function of x; — X,

5 1
xXi=0"+0pn 2)
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and n’lz;l:l(xj — X,)? about (x; — w, o%), we obtain

n(x,» B )_Cn)

n
= \2
D GG E)

and

X = xi —zx,,) _ Wi _4M) n_IZ(xj — %) — | + OP(n_l)
=1

g (o

Xi — _ _ Xy — X)X — X,
nwilx; = 1+¥()€N—Xn)+( ~ )g )
o o

3 (35)
2

+O,|n
j

- (x"(; M) ey — %) ln“z_]: (o — %)’

Under the normality assumption, the conditional expectation of the regression weight is

o2

E{nwilx;} =1+ E{(Xit:z 2 (v — )'Cn)|xi} + E{(XN B 7 %) |Xi}

3 (36)
|x,}+0 n 2

— E{(xl;4ﬂ) ()_CN _ )_Cn) [nlz(x] _ )—Cn)z

J=1

because x and (x; — %,)> have finite r-th moments for all integers 0 < r < oo by the
normality assumption on x and because w; is a continuous and differentiable function of
the means of x and (x; — X,)>. See Fuller (1996, Theorem 5.4.3). The conditional
expectation of (Xy — X,)(x; — X,) 18

n

1— 1
E{Gy — T)0 — X)) = — / (1 - n) [ — w)?* — o?] (37

By utilizing the moments of the normal and y? distributions, we obtain

E{(xN — %) ln‘lz (5 — X")Z] |x,}
= (38)

1- -1
== (flz#[(xi =W+ (=3 — wo?]
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because

a2

n—1

E{%p-1(x — Fp-1) i} = pl — p)* — (2x; — 3p)

0.2
B{Xorn( = X)) b) = u[oc,- i 1]

0.2
E{xi; — Xo-1)’li} = x; {(xi - w’+ n— 1]

n
E )_C(N—n)z 5 — Xp-1)|xi p = (1 — 2)po?
=
i

E X[Z ()Cj - )‘c(nfl))2|x[ = (l’l - 2))6,'0'2 and

j=1
JEi

n
E )_C(n—l)Z(xj — X))l p = (n = 2)po?
=

JFE

The result (23) follows from (36), (37), and (38).
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