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design to use in what circumstances follow 
from this methodology, so that design choices 
can be tailored to fit survey priority objec- 
tives. 

In this paper we use some properties of 
block designs that are used in comparative 
experiments to derive rotation sampling 
designs for surveys. A block design is used to 
compare a number of "treatments," e.g., 
different drugs, different fertilizers, etc. The 
available experimental units, e.g., human 
volunteers, plots of agricultural land, etc., 
are divided up into "blocks" so that the units 
within a block are as similar as possible. The 
units in different blocks may then differ 
greatly. In the analysis of the data obtained 
from block experiment, the differences 
between the treatments are estimated from 
within-block comparisons. In an incomplete 
block design the number of units in a block is 
smaller than the number of treatments. This 
means that the estimates of the treatment 
differences must be adjusted for the differ- 
ences between the blocks. An instructive 
review of the similarities between experi- 
mental design and sample survey methodolo- 
gies is provided by Fienberg and Tanur (1985). 
They draw analogies between the design con- 
cepts in the two areas such as randomization1 
probability sampling, blockingistratification 
and split-plotslclusters. Then they discuss the 
use of balanced incomplete block designs as a 
means of achieving a restricted randomiza- 
tion in sampling by reducing the "support" of 
a sampling plan (Chakrabarti (1963)) .  The 
support is the set of samples with positive 
selection probabilities. These authors then 
review analogies between the model-based 
analyses used in the two areas: while Model P 
or fixed effects linear models have seen sev- 
eral applications in sampling, Mode! I1 or 
random effects models are used rarely in the 
sampling literature (exceptions include 
Hartley and Rao (1938) and Fuller and Harter 
(1985)). Our paper is something of a synthesis 

in that linear models inspired by incomplete 
block designs are used to guide the search for 
optimal sampling designs. We use the frame- 
work of what are known as cyclic incomplete 
block designs to obtain alternatives to the 
symmetric designs used in sample surveys. 
Our designs reduce the response burden. 

2. Rotation Sampling Designs 

Many large-scale surveys are repeated peri- 
odically using a rotation sampling design. In 
such a design, a total sample is divided into b 
rotation groups. A rotation group can consist 
of a fixed number of primary sampling units 
(PSU's), segments within PSU's, or last stage 
units. Let rotation group j, where j= 1 , 2 ,  . . . , 
b ,  be interviewed in each of the k, periods. 
The total number of periods in the design is t 
and k,St, for all j. Furthermore, let f be the 
constant fraction of the groups interviewed in 
one period that are also interviewed in the 
next period; the remaining fraction (1-f) of 
the groups are replaced. The cyclical nature 
of our designs should be noted. In each 
period, r groups are interviewed, and this 
requires that a particular group returns to the 
sample. 

The design used in the National Crime Sur- 
vey (Fienberg (1980)) ,  for example, has this 
type of overlap pattern (slightly modified to 
accommodate bounding of Interviews). 
Other rotation patterns are used in the 
Current Population Survey carried out by the 
U.S. Bureau of the Census (1978) and in 
Statistics Canada's Labor Force Survey 
(Ghangurde (1982)) .  

A convenient representation of this design 
is given by the incidence matrix N, which has 
elements n,,, i = l ,  2 ,  , . . , t ; j= l ,  2 ,  ... , b. The 
element n,=1 if group j is interviewed in 
period i, and is zero otherwise. The analogy 
with the construction of block designs, as 
used in comparative experiments, is that 
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b = the number of blocks, 
t = the number of treatments. 
r = the number of units which receive 

each particular treatment, 
k, = the number of units in block j ,  and 
n ,  = the number of units in block j which 

receive treatment i. 
The class considered here is an important 

subclass of the class of cyclic designs (see, 
e.g,, John et al. (1972)). 

3. construction 

A rotation design is completely specified 
by its incidence matrix N. The basic designs 
considered in this paper have an incidence 
matrix that is constructed as follows. Given 
b ,  r, and a "shift parameter" s: 

Set the first r entries of the first row equal 
to 1 and the rest to 0. That is, set nl,=l; 
j = l ,  2, ..., rand nl,==O for j = r i l ,  ..., b. 
Construct the second row of N by shifting 
all entries in the first row s places to the 
right in a cyclical manner. That is, the 
(p+s) th element of row 2 is set equal to the 
p th element of row 1, where ( p i s )  is taken 
modulo b,  and p = 1 , 2 ,  . . . , b.  
Rows 3 ,  4 ,  . . , are constructed in exactly 
the same way from their directly preceding 
rows. 
Eventually row 1 will occur in the (r+ 1) th 
row. This last row is discarded to leave an 
incidence matrix with trows and b columns. 
Then we see that the value of ki is the 
number of ones in column j;j= 1 , 2 ,  . . . , b .  

These types of designs were constructed . - 

for b= l , 2 , .  . . ,12. For each value of b ,  designs 
were systematically obtained by varying r 
from 1 to b-1, and for each r by varying s 
from 1 to r. As an example, Table 1 gives the 
incidence matrix for b=8, r=5, and s=2, con- 
structed as explained above. This design has 
t=4, k,=k,=k,=ki=3, and k,=k4=k,=k8=2. 
More realistic examples will be given in the 
following sections. 

Table 1. incidence Matrix f o r  b=8, r=5 and 
s=2. 

An additional parameter that is useful for 
describing a design is the "overlap," 1, 
between rows. In Table 1 the overlap is 1=3. 

1 It will be noted that f = 7 .  As will be seen in 
the following, most designs have k,=k, a con- 
stant, for all j .  Designs for which the inci- 
dence matrices are the same (except for a per- 
mutation of their columns) are considered 
equivalent, since they correspond to a simple 
relabelling of the groups. 

4, Classification of the Desi 

In order to classify the rotation designs, we 
introduce a linear model for the character- 
istic, Y, that is measured in the survey. For 
i= 1 , 2 ,  . . . , t and j= 1,  2,  . . . , b ,  we assume 

where 

Y,, = the observed value of the character- 
istic for group j in period i, 

p = the overall mean, 

a, = the effect of period i. 
0, = the effect of group 1, 
and 

is an independent random residual with 
mean zero and variance o". 

It will be noted that rhe model is written in 
terms of the group characteristic rather than 
in terms of the characteristics of the individ- 
ual units within each group, because in 
block designs it is unusual to have more than 
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one response from each treatment (period) 
in a block (group). In sampling where there is 
usually more than one unit in each period1 
group combination, the above model could 
be applied to the mean value of the character- 
istic in each group in each period. This 
simple model is adequate for our purpose of 
obtaining efficient designs for comparing 
periods. This point and others are taken up in 
Section 4.  We assume that the main objective 
of a given survey is to obtain information on 
contrasts, i .e , ,  comparisons, between the 

e are interested in esti- 

mating C c, a , ,  where 2 c, = O  Such 
I = !  1 = I  

contrasts include all period-to-period chang- 
e the mean response in each 

period. The above formulation is congruous 
with Wolter (1949) and also with Gurney and 
Daly (1965), 

To obtain the classification of our designs 
we consider corn arisons of neighbouring 
periods. The "1st neighbour " comparisons 
are a,-a,, a2-a3, ..., a,,-a,, at-ai, where 
here and in the following, the comparisons 
are taken cyclically. Tbz "2nd neighbour" 
comparisons are al-a?, a2-a4, ..., a1.2-a..I, 
a,;-a,, a,-a,. In a similar manner, 3 rd, 4 th, 
. . . , neighbour comparisons can be defined 
for a su~table t The estlrnates h are taken to 
be the usual least squares estimates, adjusted 
for group effects 

e (model) varlance of these compasl- 
sons 1s of interest and we defme 

where 8, and til are the estimated effects of 
two n th neighbours, n = l ,  2, ... , m, and 

( r - I ) .  . m = : -  
2 

if t 1s odd and 

c .  m, = if t is even. (4.31 

Some of these variances may be identical 
and we denote the number of distinct ones by 
d. 

A useful class of designs has 
v ,<  v2< ~ . . sv,,,,. 

This class is introduced initiaily, not only for 
~ t s  practical interest, but for its conceptual 
import and its simplicity, The properties of 
rotation designs are more clearly understood 
for these monotonic designs. Furthermore, 
these basic designs are building blocks for 
more complex designs. as will be described 
later. 

These designs give more importance ro 
comparisons between neighbours that are 
closer together. That is, assign the smallest 
variance to estimated changes between 1st 
neighbours, next smallest to changes 

ours and so on,  In partic- 
t period-to-period, e .  

month-to-month, ch es will be estimated 
precisely, a desirable racterlstic in practice, 

Let 
v1<v2< ' ' ' < V & ~ < V ~  = vd+ l  == ' ' ' = vm!. 
e denote this class of designs by Eld', Note 

that there is a dual class Bd-3 say. with just the 
osire properly, namely, 

The latter class may be of interest, for 
ple, if mi = and mid-cycle changes are 

the main focus of attention, For instance, for 
(t= 12) sernestrai changes 

e estimated precisely, It will 
be seen in the next sections, moreover, that 
general rotation designs can be constructed 
by "mixing" (adjoiningicombining) basic 
designs in these simple, monotonic, classes. 

alanced designs form t 
one single value for v,,. It is worrhwhiie to 
remark that for a symmetric balanced 
incomplete block desi n,  lcorresponds to t 
usual design parameter h,  where X is the 
number of times a pair of treatments occur 
together in the same block, Designs currently 
used in sample surveys can often be consid- 
ered replicates of symmetric balanced incom- 
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plete block designs and can also be repre- 
sented as cyclic designs. The rotation sarnpiing 
designs, however, are cyclic designs which 
reduce respondent burden. It may be of in- 
terest to note that the properties of a cyclic 
incomplete block design can be considered In 
terms of a corresponding paired comparison 
design where each block of size k is thought 
of as being divided into k(k-1) blocks of size 
two. We do not pursue this correspondence 
here since not all pairwise comparisons are of 
interest. (See John (1966) for further details,) 

Table 2 lists some of the more efficient 
rotation designs of the B,' type, constructed 
using the method described earlier. In the 
table some designs have a seriai number 
which is followed by a C ,  These designs are 
complements of their partners with the same 
serial number. A complement of a design 
with incidence matrix N is a design with inci- 
dence matrix N,=J- N, where J is a t x  b ma- 
trix of ones. Note that d,=d. r,=b-r, and 
k,=t-k relate the parameters of a design to 
those of its complement. 

Table 2. Classification ofRotation Designs: b=3 to 12, 2 < r d b-l 

Serial No. b t r k* 1 d** 

1 
2 
3 

4 
4C 

5 

6 
6C 

7 
8 
9 

10 

11 
1 lC 

12 
12C 

13 

14 
14C 

15 
15C 

16 

jcont). 
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Table 2. (Cont.) Classification of Rotation Designs: b=3 to 12, 2 6 r 2 b-1 

(cont) 
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Table 2. (Cont.1 

Serial No. b t r 1 d" * k * 

" Valuesofk,,j=!,2 , . . . .  b , E i t h e r k , = k , a l l j , o r k , = k o r k ' , k ' = k i l .  
* *  Value of d in B:, 

Also, in Table 2, some designs have values 
of d which are written as d*. These designs 
are symmetric and are such that b=r, r=k 
and N can be written as a symmetric matrix, 
after possibly permuting its columns. Some 
designs are reflexive in the sense that rakin 
their complements does not alter the designs 
;hemselves, These designs are indicated by 
an R in Table 2. We further denote by P, the 
symmetric balanced design with r=k=t-I. 
(Note that all symmetric designs with a given 
S=t have d=m, as in (4.31,) 

Designs which i-aa~~e a block size of 1. or are 
complements which have r=? ,  have been 
omirrecl from Table 2, Such designs are not 
considered useful for estimation of con- 
trasts, i .e . ;  changes, eover, for each of 
the designs in Table 2 the variances v, were 
obtained and are considered in Section 6. 

Other rotation designs can be obtained by 
adjoining two or more basic rotation designs, 
e.g. ,  those Listed in Table 2. A design Dl is 
adjoined to another D1 by taking the b, 
columns of D, and putting them alongside 
the b2 columns of D,, Of course, both D: and 
D, must have the same value of t .  

Some of lhe designs constructed in this way 
had an incidence matrix which was obtained 
by adjoining a rxr identity matrix I,, lo an 
incidence rnarrix which had two or  more 1's 
in each column. For exam 
$=8, r=4, r=3, k,=2 or 1, j=l, 2, ..., b ,  is 
obtained by adjoining i4 ro the incidence 
matrix for the second design in Table 2, and 
suitably p e r m ~ a h g  the columns. Designs 

an identity matrix component have been 
excluded from Table 2. 
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Table 3 gives a list of the designs in Table 2, 
which are, in fact, obtained by adjoining 
other designs in Table 2, Clearly, other 
designs not in Table 2 could be constructed 

Table 3, Designs Obtained by Adjoining 
Two or Three Otlzer Designs 

Serial No. Serial Nos, of 
in Table 2  adjoined designs 

by adjoining designs that are in Table 2. This 
adjoining is, of course. subject to the final 
design being a rotation design, 

Clearly, a design obtained by adjoining 
two balanced ( B i t )  designs is also balanced. 
Further, adjoining a B2+ and a 3,' design 
leads to another B2+ design. The effect of 
adjoining one or  more B,' designs to a B2+ 
design is to make the variances, v, and v,, 
more similar in size (see Section 6). 

A different operation consists of csmbi- 
ning (vertically) designs with a common b ,  r,  
and 1 to obtain larger rotation designs. In 
fact, we note that each design of type P,, for 
non-prime t=hih2, may be formed by com- 
bining its "component" design with i=h, (h2 
times), and similarly for t2=h2 (hl  times), 
Many of these components have blocks of 
size 1 and are not given in Table 2, Table 4 
presents the components of designs P,, for 
4 S t S 1 0 .  

Table 4 ,  Subcluss P, ofSymmetric Balanced Designs, 4  < t < 10, and their components' 

P4= D 1 @ D 1 :  
Component: D l  

Pa= D4@D4 
= D j @ D 5 @ D 5 @ D j :  

Components: D4 

D5 

P 9 = D 6 @ D 6 @ D 6  
Component: D6 

p l o = D 7 @ D 7  
= D 8 @ D 8 @ D s @ D s @ D 8 :  

Components: D7 

D  2 

' The operation of combining (vertically) two designs, Dl and D2,  say, is denoted by Dl @ D2 
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Of course, in any real continuing survey t is 
not fixed and the designs would evolve over 
time by adjoining and combining designs. The 
effects of adjoining and combining designs, 
as described above, would then be of particu- 
lar interest, For example, a rotation pattern 
similar to that used in the U.S. National 
Crime Survey (NCS) can be generated by 
successive adjoining and combining opera- 

Table 5. NCS Rotation Pattern 

tions. By combining (6 x 12) matrix C = 

(A/B) to (O/A) one derives the (NCS) pat- 
tern displayed in Table 5. Note that the (4 x 
12) matrix C = (A/3)  is of the elementary 
type described in Sections 2 and 3. The pat- 
tern employed in the U.S. Current Popula- 
tion Survey can be generated by more com- 
plex mixtures of the elementary rotation 
designs considered in Table 2. 

Rotation groups (Panels) 
(A) (3)  

6. Variances of Estimate 

The values of Y,, where v,,02=V(BrB,) are 
given in Table 6 for d= l , 2  and 3 only, to save 
space, the remaining ones being availa 
from the authors. The corresponding effi- 
ciency factors for each variance are also 
given. The efficiency factor En,  say, is de- 
fined as 

V(kI  - A,) in a saturated design 
En = V(&, - 6,) in the design under consideration 

Here, a saturated design is one in which 
every group is interviewed in every period. 

This definition is the one used In the design of 
comparative experimmts. The saturated 
design of such experiments is the randomized 
(complete) block design, with r blocks, each 
of size t. Costs usually prohibit the use of a 
saturated design in a survey. Nevertheless 
the saturated design does provide a useful 
yardstick for measuring the efficiency of 
other designs. It would be possible to com- 

2 pare the average value of v, with,, but this 
would conceal the true range of the efficien- 
cies in a given design. 

For comparison purposes, the total size 
n=rxt  of the designs are also included in 
Table 4. 
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Table 6.  Values of the Variances (v , )  and Efficiencies for Designs with d = 1, 2 and 3 

Serial No, b t r n' Variances (v,) 2 Efficiencies (=X 100%) 

1 
2 
3 

4 
4C 

5 

6 
6C  

7 
8 
9 

10 

11 
11C 

12 
12C 

13 
17 
18 

19 
20 
2 1 
25 
26 
27 
28 

32 
32C 

34 
35 
36 
37 
38 
43 

47 
4 7 c  

(cont.) 
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Table6. (Cont). 

Serial No. b I r n' Variances (v,J Efficiencies (Lx 100%) 
vn 

Total sample size = n = rt.  

Adjoining x copies of a design reduces the 
value of V ,  in that design by a factor x, but 
does not change E*. For example, the design 
with serial number 8 can be constructed by 
adjoining two copies of design I.  Adjoining 
copies of a design of type I?,' to a design of 
type El,', reduces the relative differences 
between the values of v,. For example, ad- 
joining designs 4C and 5 produces design 35. 
In design 4 C the ratio of the two variances is 
1:1,5 bur in design 35 is 1:1.05. 

Since taking the complement of a design 
gives r,=b-r, without changing b ,  the com- 

ighly efficient design will have 
low efficiency. By observing the values of the 
efficiencies in Table 6,  it is clear that, while 
most designs have high efficiency, there are 
some with particularly low efficiencies. The 
low efficiencies occur, as one might expect, 
for designs where the kj values equal 2. In 
other words, all groups must be in the sample 
more than twice to achieve a reasonable effi- 
ciency. 

The efficiencies allow a useful design to be 
chosen out of a number of competitors. For 
example, if t=6 and b=12 then design 49 is 
much rnore efficient than design 47 and only 
uses 6 rnore groups. Of course, design 476 
is even more efficient than design 49 but 
requires 18 more groups. 

ome alternatives to the simple model 
(4.1) may be considered. First, it may be 
more realistic to consider the effects of indi- 
vidual groups being random rather than 
fixed, This would complicate the theory in 
Sections 4-6 but is not likely to substantially 
change the overall results. 

A second alternative would be to model, 
individually, each unit within a group. The 
model for the measurement on the q th unit in 
the j th group In the E th period would then be 
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where p, a,, 0, are defined as in Secton 4; ylj  
is the period-by-group interaction effect; and 
cllq is the usual error term. This type of inte- 
raction is manifested in practice via what is 
called the rotation group bias (see, e.g, 
Bailar (1975)). This bias is related to the 
number of times different units have been 
interviewed previously, The presence of an 
interaction term will contaminate published 
period-to-period changes, i.e., estimates of 
the form pi - p,', which are of more direct 
interest than Acontrast estimates 8, - B,,. 
Clearly, Yi - Yif differences will involve the 
interaction parameters ylj. 

Another model-based approach employs 
time series models to estimate the current 
mean response. References for this approach 
are Blight and Scott (19'73), Scott and Smith 
(l974), and Jones (198O), 

we have discussed in Section 4 the role of 
the monotonic classes Rd+ and B;; in partic- 
ular, Table 2 is concerned only with Bdt. 
We have also examined, however, other 
diverse variance patterns that are not repor- 
ted here. Of particular interest is an investi- 
gation of the duals or "mirror images" in Bd- 
of designs in the class B i t  A summary for 
t=5, d=2 and the designs in Table 2 is pres- 
ented in Table 7. 

Table 7, Mirror I?nages of Designs for t=5 and = d = 2 

Serial No. Image b t r k 1 

It is worthwhile to remark that the ap- 
proach in Sections 4-45 has completely ignored 
the randomization imposed by the design. In 
particular, all variances are considered with 
respect to the model distribution. Denoting 
such variances by V, and expectations over 
the sampling design, p, say, by EP3 one may 
also consider the criterion EPV,. In this eon- 
text, Bellhouse (1984) has derived optimal 
treatment assignments for certain subclasses 
of treatment contrasts. Other references 
where complex sample design effects have 
been considered include Nathan and Holt 
(1980) and Holt, et al. (1980). 
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