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Random Group Variance Estimators for Survey Data with
Random Hot Deck Imputation

Jun Shao" and Qi Tang*

Random hot deck imputation is often applied to survey data with nonresponse. One of the
popular methods for variance estimation without nonresponse is the random group method,
which has to be adjusted when it is applied to imputed data. One such kind of adjustment is
reimputing nonrespondents in each random group. We show that the random group method
with reimputation produces asymptotically unbiased and consistent variance estimators for
estimated population totals. As a special case of our general result, the random group variance
estimator for the case of no nonresponse is asymptotically unbiased and consistent, a result
that has not been documented although the random group method is frequently used in
applications. We also show how to apply a shortcut random group method, which reduces the
computational complexity due to reimputation, and establish the asymptotic unbiasedness and
consistency of the resulting variance estimators.

Key words: Hot deck imputation; nonresponse; variance estimation; random group;
reimputation; shortcut.

1. Introduction

Nonresponse exists in most survey problems. Hot deck imputation is a very popular
method to impute nonrespondents by respondents from the same variable (Kalton and
Kasprzyk 1986; Rubin 1987). In this article, we focus on ignorable nonresponse, random
hot deck imputation, and the most basic survey sampling design, the stratified probability
proportional to size sampling design considered as a single stage sampling design or the
first stage of a multi-stage sampling design.

Variance estimation is an important element in sample surveys. The random group
method (Wolter 2007) is a popular replication method used in many economic surveys in
agencies such as the U.S. Census Bureau and the U.S. Bureau of Labor Statistics.
Replication methods require more computation, but have the advantages of (1) requiring
no separate theoretical derivations of a variance formula for each problem, which can
be difficult or messy; (2) programming ease in complex situations; (3) using a unified
recipe for various problems; and (4) to some degree, robustness against violations of
models/assumptions.
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Although most imputation methods are designed so that treating imputed values
as observed data and applying formulas for the case of no nonresponse leads to
approximately valid survey estimators (such as estimators of population means or totals),
treating imputed values as observed data and applying variance formulas for the case of no
nonresponse produces substantial underestimation of variances when the proportion of
nonrespondents is appreciable. Thus, various adjustment methods are proposed in the
literature for imputed data. For replication methods, Rao and Shao (1992) proposed to
apply an adjustment to every replicate to address the effect of nonresponse and imputation.
Shao (2001) showed that the Rao-Shao adjustment is equivalent to reimputing every
replicate, i.e., performing the same imputation procedure in every replicate using data in
the replicate.

For replication methods such as the jackknife, balanced repeated replication, and
bootstrap, the resulting variance estimators after reimputation have been shown to be
asymptotically consistent (e.g., Rao and Shao 1992; Shao and Sitter 1996; Shao et al.
1998). However, the same result for the random group variance estimator with
reimputation adjustment has not been established prior to our study. In fact, even the
consistency of the random group variance estimator in the case of no nonresponse has not
been documented. The first purpose of this article is to show the asymptotic unbiasedness
and consistency of the random group variance estimator with reimputation for data with
nonrespondents imputed by random hot deck. Of course, our result includes the case of no
nonresponse as a special case.

Since reimputation has to be applied to every replicate, the computation of a replication
variance estimator can be time-consuming and computer-intensive. Some shortcut
replication methods have been considered to reduce the computational complexity (see
Moore 2006; Thompson and Yung 2006; Haziza et al. 2010). These shortcut methods vary
with the imputation method and/or the replication method. The second purpose of this
article is to study the construction of a shortcut random group variance estimator that
reduces the computational complexity due to reimputation and is still asymptotically
unbiased and consistent.

The formulas for the random group variance estimator with reimputation and its
shortcut version are introduced in Section 2. Asymptotic properties of variance estimators
are studied in Section 3. In Section 4, the random group variance estimation method is
applied to a data set for illustration. Proofs of the results are provided in the Appendix.

2. The Random Group Method and Its Shortcut

Let P be a finite population containing units indexed by i and S be a sample taken from P
according to some sampling design. According to the sampling plan, survey weights w;,
i € S, are constructed so that the Horvitz-Thompson type estimator Y= Dieswiyi is
unbiased (with respect to the repeated sampling) for the population total ¥ = >".c » vi,
where y; is a variable (item) of interest.

A replication method starts with the construction of K replicates. When there is no
nonresponse, the data set (including the survey weight) is {(y;,w;), i € S}. The kth
replicate is then {(y,-, wfk)), i€ 5}, k=1, ...,K.Note that only the survey weight w; is
changed to w®_ For the random group method (Wolter 2007), we randomly form K groups

i
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of the same or nearly the same size. The union of the K groups is S and the kth replicate
is { (v, gﬁk)wi), i € S}, where

k
gl =

K ifiisingroupk
0 ifiisnotingroupk

Let Y = Yoies gl(-k)wiy,-, k=1, ..., K. The random group variance estimator for Yis

K K 2
1 o _ 1 3y
= Y —_——
"TRKK-1) k:Z] K
Forming random groups has to ensure that the original sampling design is reflected within
the groups (Wolter 2007). If the original sampling design is one-stage stratified sampling
with H strata, for example, then each group should contain all H strata. If cluster sampling
(either one-stage or multi-stage) is used, then clusters should be considered as units in
forming random groups and the random group variance estimator should be used when the
number of clusters is large.

2.1.  Imputation and Reimputation

Let R={i € S, iisarespondent} and N = {j € S, jisanonrespondent}. For simpli-
city, we call y; a respondent when i € R and y; a nonrespondent whenj € N'. When there
are nonrespondents, we usually create L = | imputation cells such that the nonresponse
probability in each imputation cell is nearly constant and then apply the random hot deck
within each imputation cell. More specifically, a nonrespondent in an imputation cell
is imputed by a respondent y; in the same imputation cell selected with probability
proportional to w;. After imputation, treating imputed values as observed data leads to the
following estimator of the population total Y:

Y= wiyi+ > wis =D w4 u) )]

iER JEN iER

where ; is the imputed value for a nonrespondent y;, u; = ZJ.E n Widij/wi, dy = 1 if the
imputed value y; = y; and d;; = 0 otherwise. Under the assumption that the nonresponse
probability is constant within each imputation cell, ¥; is consistent and asymptotically
normal (see, e.g., Rao and Shao 1992).

Treating imputed values as observed data and applying the formula for the case of no
nonresponse leads to a naive variance estimator given by

IR B STUN ) ’ @
VI_K(K—I); ! K; !
with

(k) ~
P =Y s+ Y gy,

s jen

However, v; underestimates the variance of IA/I, because it treats imputed values as
observed data. The reimputation method can be described as follows. An imputed value in
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an imputation cell and the kth group is treated as a nonrespondent and is reimputed by a
respondent y; in the same imputation cell and the kth group selected with probability
proportional to ggk)wi. The resulting estimator of Y based on the kth group is

(k)
Ve =Y gPwivi + > gPwis®

iER JEN

where y is the reimputed value. The key difference between Y( " and Y;, is that the
former uses the original imputed §; whereas the latter replaces j; by a reimputed value y(k)
using the respondents in group k. The random group variance estimator with reimputation
is given by
1 S (om0 ’
VR1=K_(K_1)Z<Y§H_E;Y§Q[> 3)

k=1

2.2.  Shortcut

Since reimputation has to be carried out for every replicate, the computation of vg; in (3)
can be quite complicated. A shortcut proposed in Moore (2006) can be described as
follows. Note that each sampled unit i € S is associated with a “group label” gl(-k) for
forming the random groups. Instead of reimputing every replicate, we “impute” the group
label g(k) associated with a nonrespondent y; by g}“, the group label of the respondent used
to impute y;. Imputing the group label associated with a nonrespondent alters each
replicate so that replicates have different sizes. This creates more variation among
replicate estimators, which results in a variance estimator larger than the naive estimator v;.
The shortcut replicate estimator based on the kth group is

(k)
7 = gPwii + > g w;

iER JEN

which is different from f’;  since g](k) in Y( is replaced by g(k) The shortcut random group
variance estimator is

R B )A,(k)_le,mz A
STk | RS D @

k=1
Note that
~(k)
s =3 ¢®wiyi + (1 + )
iIER

For reimputation,

~(k)
Yie[ Zg(k) wiyi + 1 + ugk))

iER

w%ere ulh = = enkK” ! (k)w d(k)/w,, d(k) 1if )N)(k) = y;, and d(k) = 0 otherwise. Thus,
Y;, is computationally s1mpler than Y;I because we do not need to compute u( ) for every
k or the reimputed values y(k)
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Unfortunately, vg¢ may be inconsistent and seriously biased. To see this, we consider
the special case of simple random sampling. Under simple random sampling, w; = N/n,
where n and N are respectively the sample size and population size, and u; = d;, the
number of times respondent y; is used to impute nonrespondents. If y; is equal to a constant
cforall i € P, then we can estimate Y = ¢N perfectly by ¥; = ¢N (as long as we have at
least one observed value) and the asymptotic variance of ¥; is 0. In this case, both v; in

(2) and vg; in (3) are O,k since A, = Yp; = cN. On the other hand, a straightforward
calculation shows that f/'g) =(cN/m)Yier 8P +d;) and
2

S e PO AIEE
BT KK - D iE’Rgi oo

which is not 0 and can be arbitrarily large when ¢ ? is arbitrarily large. The problem
is caused by the fact that, when y; = c for all i, f/;k) is not a prefect estimator,
ie.Yer g1 +d) #n.

Thus, we propose an adjustment to force the shortcut replicate estimator to be prefect
in the special case of y; = ¢ for all i. Note that

o _ N& ®
s —;Z Zgi yi(l +d;)

=1 i€ER,

where R; is the set of respondents in imputation cell /, /=1, . . ., L. Our adjustment is
to divide each term in the previous sum by a factor

1
g = — ngk)(l +d;)
iR,

where n; is the sample size for imputation cell [, i.e., the adjusted shortcut replicate
estimator is

o N& 0y (1 + dy)
Y(k) _ v 8 Vi i
SER )

I=1i€R,

In the special case of y; = ¢ for all i,
o NE
Y(Sk) = ;chl =cN

=1

Although this adjustment is derived under the special case of simple random sampling,
our result in Section 3 shows that the same adjustment produces a consistent and
asymptotically unbiased shortcut random group variance estimator in the case of
unequal w;’s.

Thus, in general, we define

7o _ ZL: Zgﬁ")wiyi(l + 1))

=1 iER, Akl



512 Journal of Official Statistics

and the adjusted shortcut random group variance estimator

| K K 2
Vas = KK -1 Z (Y(k) Z Y_(gj)> )

k=1 j:I

3. Asymptotic Unbiasedness and Consistency

We consider the asymptotic setting in which S is sampled from a sequence of finite
populations, there is a fixed number of imputation cells, the response probability within
each imputation cell is constant, and the number of sampled units in any imputation
cell tends to oo. The estimator Y, in (1) is well-defined as long as there is at least one
respondent in each imputation cell. The estimators Y; , YEU) , and Y( " are well-defined as
long as there is at least one respondent in each imputation cell and group k. If the response
probability in each 1mputat10n cell is positive, then asymptotically these conditions are
satisfied and ¥7, Yi ), Y;,), and Y(S are well-defined. From now on, all the expectations
and variances are calculated conditional on the event that there is at least one respondent
in each imputation cell and group. Thus, there are asymptotic expectations and variances.

For simplicity, we now assume that there is a single imputation cell (L = 1) and
PGi € R)= for all i € P. Since ¥, = Zz ,Yﬁl), where f/;l) = Zieﬂ, wiyi(1 + u;)
and R, is the set of respondents in imputation cell /, all the results obtained are valid for the
case of multiple imputation cells with a fixed L when %Z)’s are independent or
asymptotically independent.

3.1.  Asymptotic Unbiasedness under Simple Random Sampling without Replacement

Under simple random sampling without replacement, w; = N/n for all i and u; in the
formula of ¥, 7 equals to d;, the number of times unit i is used as a donor. Furthermore,
Pd;=1li€ R, jEN,H=1/r and P(d(k) —1lie R,jE N, r) = g/ (krp),
where r and r, are random variables representing the numbers of respondents in the
sample and in group k, respectively. Let §; be the indicator of whether unit i is a
respondent, a = {(N/n)8(1 +d;), i € P}/, and y = (y;, i € P)'. Then ¥; = a'y and

Var (¥;) = y'E(aa’)y — y'E(@)E(a)y

Because missing is completely at random and imputation is random hot deck, components
of a have the same distribution and, hence, E(aa’) and E(a)E(a') are linear combinations of
the N X N identity matrix and the N X N matrix with all ones. Also, E(aa’) and E(a)E(a’)
do not depend on the y;’s. Then

Var (¥)) = a¥? + BZy? 6)

iEP

where « and 3 are two constants not depending on the y;’s. We now determine values of «
and B using two particular sets of y;’s. When y; = 1 forall i € P, Var(f/,) = 0 and result
(6) becomes

aN?+ BN =0 (7
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If all y;’s are O except that y; = 1, then Y, =Nn"'8(1+d)), Y =1, E:I.E:,,yi2 =1, and
result (6) becomes

a+ B = Var(Nn '8, (1 +d)))

Using result (21) in the Appendix, we obtain that

N 1
a+3=;<1—w+7—7) + O(1) + O(N /n?) 8)
where 7 is the response probability. From (6), (7), and (8), we obtain
. N2 1
Var (¥) = — (1 -7+ —) Sy + O(N) + O(N?/n?) )
o
where
1
Sy =5 2 = Y/NY
ieP
For [=1,...,K, let ay={(NK/m)&(1 +u’),i € P} and let & =1 if y; is a

respondent in group / and 6; = 0 otherwise. For the random group variance estimator
with reimputation, by the exchangeability of group assignment

500\ 2 00 o)
E(Y;,) —E(Y(R,Y(R,) / Iy — v/ /
VE@ayy — y E(away)y
= : B =y ) 5

E p—
(Vrr) X X

i€P

where k # h, k, h € {1, ...,K}, and vy and 1 are two constants not depending on y;’s.
The last equality follows from the fact that E(aa’y) and E(aja’s) (k # h) are linear
combinations of the N X N identity matrix and the N X N matrix with all ones. Again, by
considering y; = 1 for all i € P, we obtain

YN+ nN =0 (10)

by considering y; = 0 for all i except y; = 1, we obtain that

y+n=%(1—w+l>+0<];’—[2() (11

w

From (10) and (11), we obtain

2 2
E(VRI):N—<1 - w+l>sﬁ+o<¥> (12)

n T
Using the same technique, we obtain the following results for the two shortcut random

group variance estimators

N? 1 N2K
E(vAS)z—(l—W+—)S,2\,+O< ~ ) (13)
n a n
N? 1 1\ v? N2
E(vs)=—<1—w+—)5§,+(—w+—>—+0(—2) (14)
n o T n n

Combining (9), (12), (13), and (14), we have the following result.
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Theorem 1. Suppose that S,zv and Y = Y/N are bounded. Then, under simple random
sampling without replacement, vg; and vas are asymptotically unbiased in the sense that

[%[E(vm ~Var(?)]—0 and %[E(VAS) ~ Var (7))] = 0

when n — oo, n/K — oo, and n/N — 0. The unadjusted shortcut random group variance
estimator vg is asymptotically biased in the sense that

]%[E(VS) — Var (V)] = (—w+%) Y2 4+ 0(1/n) + O(1/N)

where Y =Y /N.

3.2.  Asymptotic Unbiasedness under Unequal Probability Sampling with Replacement

For unequal probability sampling, we consider sampling with replacement.
Under unequal probability sampling without replacement, the derivation of a valid
variance estimator may be too difficult or even impossible and, hence, at the stage of
variance estimation, we treat S as a sample obtained with replacement. This may
overestimate the variance when the original sampling design is without replacement
and sampling fractions are not negligible. But it is often used in practice because
of its simplicity when no valid variance estimator for without replacement sampling
is available.

Letw; = 1/(np)), S% =Y .cppilyi/(Npi) = ¥}?, Pd;=1R,i€R,jEN)=
wi/> .erwi and P dg-o =1|R,i€R,jE N) = ggk)wi/ ZieR(gl(-k)w,-), iLjEP
where p; is the probability that y; is sampled in each draw. We assume that

Cl1. M;N/n < w; < M,N/n for all i € P, where M, and M, are constants;
C2. |Y] = |Y/N| < M and S3, < M foraconstant M > 0.

Condition C1 means that there is no unit that has extremely large or small inclusion
probability. Under Conditions C1 and C2, it is shown in the Appendix that

n N SZZ\, - 1
—ZVar(YI)Z——i-(l—Tr) Y ly+—{(1—-2mB+ 1}
N T T

_(2¢ 1 1 (15)
+Y{F +2a(B — 1)} + NZy?) + O(Z)

i€P

where a =", cpyipi, B=N "2 icp 1/pis =N 2> ,cpyi/pi» and = NZ:’E’PIZiz'
Under C1, «, B, ¢, and ¢ are bounded. Hence, C1-C2 and result (15) show that Var (Y;)
is O(N ?/n).

Without loss of generality we assume that /K is an integer, which is the “sample size”
of each group (replicate). With reimputation, it is clear that, for a fixed group, )Aéf,) behaves
like ¥, with a sample size n/K. In particular, K~ !Var (17%?) = Var (Yp)) + o(N?/n).
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It follows from exchangeability that, for k # h,
1 i/(k) 2 f,(k) f/(h)
E(vgr) = X E( Rl) _E( RI Rl)
Let E; be the expectation taken under a fixed assignment of groups. Then, for k # h,
(k) a(h) (k) a(h) ~(k) ~(h) ~(k) ~(h)
E<Y§61Y§e1) = EG(Y;IYEH) = EG(YE?I)EG(Y(RI) = E(YE?I)E(Y(RI>7

where the first and the last equalities are because of the exchangeability and the second
equality is because data in different groups are independent and the imputation is also
. . . . ~(k ~(h

independently carried out in different groups. Hence, YEH) and ij) are uncorrelated and

E(vg) = %Var(f’g}) = Var(¥)) + o(N?/n),

showing that vg; is asymptotically unbiased.
. . < ~( .
For the adjusted shortcut estimators, Y(Sk) and Y(Sl) are not uncorrelated but the correlation
converges to 0, i.e.,

ﬁ@v(ﬁklf@’”) — 0K =0, k#h, (16)

when K — oo (see the Appendix). Then, for the adjusted shortcut random group variance
estimator v, in (5),

= e[ e 1)

N2K

=i [F(5) ~E(W)E(R) | + ok a7

_ n
" N2K

Var(ifg")) + oK.

The form of Var f’gk) is not simple because of the shortcut and adjustment. In the
Appendix, we derive a formula for Var (Y(Sk)>, which leads to the following result.

Theorem 2. Under C1-C2, both vg; and vas are asymptotically unbiased, i.e.,

n

5 [EOR) = Var(@)] =0 and 5 [E(uas) — Var (7)1 =0

when n/K — o0 and K — 0.

3.3.  Consistency

To establish the consistency of vg; and v4g5, we focus on v4g because the discussion for vg,
is similar. By exchangeability, E f/(sk) does not depend on k(k=1, .. .,K). Letting
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0= E(f’(sk)) and 6 = Kﬁlzle?(sk), we obtain that

K
n . n S 2_ n Y
N2 T NZK(K - 1); (Y(S 0) vk -n¢ " o

The second term on the right-hand side of (18) converges to 0 in probability (see
the proof of Theorem 3 in the Appendix). The first term on the right-hand side of (18)
involves a sum of variables (f’gk) - 0)2, k=1, ...,K.If these variables are independent,
then the consistency of v,g follows from Khintchine’s law of large numbers and the
fact that nN*ZK*IE(f’;k) - 0)22 nN ~2Var (¥)) + O(n "'K) + O(n ") (see the proof of
Theorem 2 in the Appendix). Although (f’(sk) - 0)2, k=1, ...,K, are not independent,
the correlation among them converges to 0 and we can use a modified Khintchine’s law
of large numbers (Lemma 1 stated in the Appendix) to establish the consistency of vg;
and v,5. The proof of the following result is given in the Appendix.

Theorem 3. When n/K — o0 and K — oo,

n . n .
m[\/m — Var(YP]—,0 and N2 [vas — Var (Y] —,, 0, (19)

where —, is convergence in probability.

The asymptotic results require both n/K and K (the number of groups) to be large.
In applications, constructing groups with a large K may not be easy when 7 is not very
large. We can use the following idea proposed by Rao and Shao (1996). Suppose that we
independently construct R sets of groups with the rth set containing K groups that result in
the variance estimator VX; according to formula (5). Then, we use v45 = R -1 Zf:l VX;* as
the adjusted shortcut variance estimator. This estimator is approximately as good as the

vas With KR groups. vg; with R sets of groups can be similarly obtained.

4. Empirical Results for the National Immunization Survey

The 2007 National Immunization Survey is used here to illustrate the application of the
random group variance estimators and to examine their finite sample performance. This
survey was conducted jointly by the National Center for Immunization and Respiratory
Diseases and the National Center for Health Statistics (see http://www.cdc.gov/nis/
data_files.htm). The survey design is stratified unequal probability sampling with 64
geological strata, each of which is used as an imputation cell. Duration of breast feeding
(in days) is chosen to be the variable y of interest, because it has appreciable nonresponse.
The population size N is 6,025,053 and the total sample size is 24,807. Ranges of the
population sizes, sample sizes, sampling fractions, nonresponse rates, estimated stratum
totals, and estimated stratum standard deviations over 64 strata are listed in Table 1.
Nonrespondents were imputed by random hot deck imputation within each imputation
cell. Based on the imputed data set, four random group variance estimators, v;, vg;, vs, and
vas, were computed for the estimated population total. Ten random groups were
constructed within each imputation cell and grouping was independently repeated ten
times (see the discussion at the end of Section 3). The results are listed in Table 2. From
Table 2, v; is much smaller than other variance estimates (e.g., 32% smaller than vg;),



Shao and Tang: Random Group Variance Estimators 517

Table 1. Ranges of some quantities and estimates over 64 strata for the duration of
breast feeding from the 2007 National Immunization Survey

Quantity Range over 64 strata
Population size 9,766 ~ 506,300

Sample size 244 ~ 519

Sampling fraction 0.062% ~ 4.32%
Nonresponse rate 13.48% ~ 46.86%
Estimated total 2.197 X 10° ~ 1.467 X 10°
Estimated standard deviation 142.05 ~ 199.96

which indicates its underestimation. On the other hand, the shortcut estimate vg is about
40% larger than vg;, which suggests the overestimation of vg as indicated by our analysis in
Section 2. The adjusted shortcut estimate v, is close to vg;, both of which are shown to be
asymptotically unbiased in Section 3.

To examine the finite sample performance of the four random group variance
estimators, we conducted a simulation study based on a population generated using the
observed data. Our simulation procedure is as follows.

1. Population. Within each stratum 2 =1, . . ., 64, population y-values are generated
by first taking a probability proportional to survey weight sample of size equaling
the original population size of stratum /& with replacement from the respondents
in the Ahth stratum, and then adding a random noise to each generated population value.
The random noises have mean 0 and standard deviation equal to 10~ times the observed
standard deviation within each stratum and are independent within and across strata.

2. Within the Ahth population stratum generated in Step 1, draw a sample with
replacement of the original sample size. The inclusion probability is proportional to
the inverse of the original survey weight. Independent samples are obtained for
h=1,...,64

3. Within each stratum, generate nonrespondents (missing completely at random)
with the observed nonresponse rate. Respondents in different strata are obtained
independently.

4. Perform random hot deck imputation for nonrespondents within each stratum and
independently across strata.

5. Compute the estimated total Y, 7 and random group variance estimates vy, vg, v4g, and
vgr with K = 10 and R = 10.

6. Repeat steps 2—5 for 1,000 times. Compute V = the sample variance of the 1,000
Y 7’s. Compute the averages of v;, vg, vas, and vg; over 1,000 simulations, and their
standard errors based on 1,000 simulations.

Table 2. Random group variance estimates for the estimated total of the duration of breast feeding from the
2007 National Immunization Survey

Y; Vi Vs Vas VRI

1.36 x 10° 225x 10" 4.65 x 10 3.14x 10" 3.32x 10"
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Table 3.  Simulation results of the random group variance estimators for the estimated total of the duration of
breast feeding from the 2007 National Immunization Survey

Vi Vs Vas VrI Vv
Mean 2.0819 3.9796 2.7378 2.7603 2.8233
Standard error 0.0110 0.0219 0.0152 0.0142

All numbers have been divided by 10'*
V: simulation sample variance of ¥;’s

The results are tabulated in Table 3. In theory, the simulation variance V is close to the true
variance when the simulation size is large. From Table 3, it is clear that vag, vz, and V are
very close to each other; the naive estimate v; is about 26% smaller than V; and vgis 41%
larger than V. These results are consistent with our theory in Section 3 and support our
conclusions based on the results in Table 2.

Appendix

Since y;, i € P, are sampled with replacement in Sections 3.2—3.3, to simplify the proofs,
throughout, we view Y7, vi, vs, vas and vgy as functions of Yy, . . ., Y, and Wy, . .., W,
where Y; (I =1, . . .,n) denotes the random outcome from the /th sampling, which has
discrete uniform distribution on P, and W, is the associating weight of Y;. The pairs
(Y, W), l=1,. . .,n, are independent of each other. Correspondingly, let R = {/: ¥,is a
respondent}, and let N = {m: Y,, is a nonrespondent}, but S is unchanged. Now, we
introduce some additional notation. Define ng) =1+ u;)ggk), U =({1+u) and
Z =YW, where u; = Y, c - Windim/W, and d;,, = 1 if the imputed value ¥,, = ¥, 0

otherwise. Let G = {g}k), I=1,...,n,k=1,...,K} denote the group assignment
and D ={d;,,l € R, m € N} denote the imputation. Let r=r; +---+ rg, where
ry(k=1, ..., K) denotes the number of respondents in the kth group. For any pair of

event or variable B and C, let Eg|c and Varg|c be the conditional expectation and variance
taken with respect to B given C.

Proof of (8) Since E[5;(1+d))|d=0]=0, E[S%(l +d)?6, =0]=0, and
P8, =1)=nN"'m,

Var(n~'N8(1+dy))=n"*N?E[&(1+d))*]—n *N*{E[§,(1+d))]}?
=n"'N'7E[8(14+d))*|8,=1]— 7*{E[8,(1 +d))|8 =1]}*

Recall that d; is the number of times y; is used as a donor to impute missing
values. Conditional on 6, =1 and the number of respondents r > 0, d; has the
binomial distribution with size n — r and probability r ~! Then, Var (n ~"'N&,(1 + d)))
equals

n ' NTE[1+r"'(n—n{24r" (=D} =11 - 7*[E¢""n|8; = D]? (20)

Since we consider asymptotic expectations with r >0, as n — oo, E(r |8, =1)=
(nm) ' +0n?) and E(r 2|8, =1)=(nm) >4+0(n3). Substituting these results into
(20), we obtain that
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Var(n 'N&(1 +d) =Nn"'(1 — 7w+ 7 )+ 0(1) + O(Nn™?) (1)

Proof of (15) We show (15) in three steps. First, let
A, = nN’[E{Y; — E()Y — E(Y; = Y1 = —aN H{E{) - Y} (22)
To simplify (22), we have that E(f/,) = E(ZERZ;U 1), which equals

>
rY Nmn-—r) R
E 2 : E5|R(Zl)+ZIEDIS.R(“l) =E{—+ ESIZR
lE’R{ ' } n n E :Wz

IER

Esir (Z Z,)

IER

Eg» <Z W,)

IER

=Ern 'Y)+n 'NE|(n—7) + O, (nr=?)

=E(m'Y) +n 'NE[(n — ){Y + Op,(nr )} =Y+ O0(n"'N)

where the third equality is due to the Taylor expansion argument and Conditions C1-C2.
Hence, (22) equals O(n _1).
Second, let B, = nN "2{E(¥; — Y)> — E(¥; — ¥)?}, which equals

nN E[2E{Y)(Y = Y)} + Y* — E(Y)] = B,y + B

where V=n"'YY,cx(+u), By =2nN2E{Y(Y—Y)} and B, =nN 32X
{Y? — E(Y?)}. By Conditions C1-C2, we have

By=201-mY{-7"'Y+o+ap+7'Q—- DB} +0n"" (23)

By =370 —-mB-DHV*+0n" (24)

Third, consider C, = n/N2E(Y, — ¥)>. We have

n

Co=ry3 |E > Zi=nT'YPU S H+ES Y (2, —nT Y2, —n T VUL U,

IER I#LER
al o (25)
=wls§+(1—w)<zv1 y$—2Ya+Y2¢>+0(n1)
i=1
Since, nN ~2Var (f/[) = A, + B, + By + C,, by (23)—(25) and the fact A, = O(n 71),

(15) is proved.



520 Journal of Official Statistics

Proof of (16) Fork=1,... K, let
ful = fa+ (1 = DE@o} {7+~ 0E(75) }

where 0 < ¢ < 1 with fi(1) = ffgk). By the Taylor expansion argument,

Fe1) = £1(0) +£1(0) + 27 f1(T) (26)

where 0 < 7 < 1. Then, by the exchangeability of group assignment, Cov{f}(0),/} (D} =
Cov{f,(0),f{(7)} for k # h, and this, together with the fact that fi(0) and f,(0) are
constant, gives:

Cov (75, 15") = Covlfil®) +/1(0) + 27 F{D.f1(0) +£40) +27'F1(D) -
= Cov{/}0).£40) + CovlfL(0).£4D) + 47 Cov LD, f1®D).

To simplify (27), we work on Cov{f}.(0),f},(0)} first. Since E(a;) = 1, we have
Cov(f}(0).£40) = Cov(#, 1) + Covar,a)
x {E(%Sk)) }2—2COV(¢S“, ah)E(f’ék)) . (28)

Now, we calculate the three terms of the above separately. For the first term,

oK) ()
E(st g ) = ES Egpirs | Y 212, UPUY (29)
L#hLER

where the inside expectation of the right-hand side of (29) can be calculated by taking
another conditional expectation:

2 Z Wm Z Wml Wm2

E U(k) (h) — rkrhK2 + meN m#mEeEN
GDIR,Sre,r\ Y1, Y1 rr—1) ZW 3
1
& (Z Wl>
IER

Plugging this back into (29), taking expectation with respect to S gives:
K2Y2E[rar{r(r — D} {1 = Bn = 2rn "% + Oy(nr )]

Taking expectation of the above with respect to ry, r;, given r and then taking expectation
with respect to r yields:

E(?‘S">?‘Sh)) = Y24+ 00 'N?Y (30)
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. N R 2
By the exchangeability of group assignment, E (Y(Sk)) E Y§h)) = { E (Y(Sk))} , which
equals {Y + O(n~'N)}?. Then, this together with (30) and Condition C1 gives:

Cov(#y, 1) = Y211+ 00" = (1400 H)* = 0~ 'N?) 3D

The calculation of the first term of (28) is now completed. Next, for the second term of
(28), observe that:

K

K K K
ZCov(ak,ah) + ZCov(ak,ak) =Cov (Zak, Zak> =Var (Zak> =Var(K)=0
1 =1 k=1

k#h k= k=1

By the exchangeability of group assignment, we have that

K
Cov(ar,an) = —{K(K = 1)} "> Var(a) = —(K — 1)"'Var (),
k=1

where Var(a;) = Var{Egr p,(a1)} + E{Vargz p, (a1)} equals

Var (Krir ™) + E n722(1 +d) K rr T — (K h?)
ier

+ ”722(1 +d;,)(1 +d12){K2M _ (Krlrl)z}

LZLER r(r—1)

_ _ -1 2| T1(r— 1) -2 2 -1 _ -1
=E{(K — Dr }+KE—r(r_1) n §(1+d,) r =0 'K)

Then, the second term in (28),
. 2
Cov(ay, ah){E(Yék))} — 0~ 'N?) (32)
For the third term in (28), observe
K

ZCOV(f’(Sk),ah) + Cov()’(sk),ak) =Cov (21(: f’(sk),z[(:ak> =Cov (ZK: f’(sk),K> =0

k#h k=1 k=1 k=1 k=1

By the exchangeability of group assignment, COV(IA/S,ah) = —K)"Cov(f’(sl),al) for
k # h, where



522 Journal of Official Statistics

~(1) ~(1) e
COV(Y; ,dl) = COV{EGm,s,D,r, (Yg )>EG|R,S,DJ1 (m)} -|-E{COVG|:R,S,D,r1 (Y(S 7a1)}

= Cov Krlr_l,Krlr_IZZlUl +E ZZICOVGI’R,S,DJI (Uﬁl),al)
IER IER

=ESY n7'2,U,(1+d1)Covair s, (gff>,g,‘2‘)) +Y(K — DE{r~" + 0(nr )}
L,LER

ri(r—ry)

=E|K?
r(r—1)

> ZUn ' A +d) = r Y| +Y(K = DE{r " + 0(r )
IER

= 0(n"'NK)+ O(n"'N).

Hence, the third term of (28),

Cov(?ék)7ah)E(f’§k)) — 0~ 'N?). (33)
With the fact that E(?(Sk)) = O(N) combining (31), (32) and (33) gives, the first term
in (27),

Cov{f}(0),fL(0)} = O(n 'N?).

Following similar argument, it can be shown that the remaining terms of (27) are of
the same order as the first term. This implies,

nN*ZK*ICov(f*S"), ?‘S")) — 0K
Therefore, (16) is proved.

Proof of Theorem 2 Observe that E(v) = K~ {E(¥y ) —E(¥ ¥i) }. Since, for
k # h, fﬁf} and f’g’,) are uncorrelated, nN “2E(vg;) = nN 2K ”Var(f’ﬁfl)), which equals

aN 2K Var{Es  pie (Ve ) | + E{ Vars woie (Ve ) }

= anszlVars,:R,MG ZYIW;‘(I + u;k)) )
[ERy

where W, = ]{)(W, and the equality follows from the fact that Eg g pg (%;{[) ) and
V%I’S"R"Dm Y;,) do not depend on G. Conditional on group assignment G, we view
IA/(R,) = ZleRk YW, (1 + u?k)) as a replicate of ¥; = > ier YiWi(1 4 uy) calculated based
on a random sample of size nK ~!. Since (15) holds for all n, we have:

AN "2E(vgy) = nN‘ZK‘IVar(?‘,f,)) = nN "2Var () + 0(n ™) + 0(n " 'K),

which means that vg; is asymptotically unbiased when n 'K — 0.
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Next, we show the asymptotic unbiase(zness of vas. By (17), nN 2E(vy) is
asymptotically equivalent to nN ~2K ’lVar(f’(S )). Note that

AN 2K {E{?(Sk) - E(Y(Sk)) }Z—E(i{g’” - Yﬂ =00 'K). (34)

B 2
Hence, to show the asymptotic unbiasedness of vag, it is sufficient to show E (ng) — Y)
is asymptotically unbiased for Var (¥;). We have

nN_z{K_'E(Y(Sk) - Y)Z_E(f/l - Y)z}

_ _ _ 2 _
=nNTKT'EQ Y (ZU°) - Ky (@U) +a Yy 7,002, UP
IER IER L,LER

~KY 2,U,2,U, = 2Y | a,"y ZUP —KY 72U, | +Y>A = K)p  (39)
L,LER IER IER

To simplify the above, we use the Taylor expansion argument similar to (26) to expand the
three ratios with a; or ai as the denominator. For the first ratio ak_2 (Zz U §k’)2, after
expanding it to the first order term and taking the expectation, the residual part is already
of order O(n "2N?K?), which multiplies with the factor nN “2K ~! converging to 0 when
n~'K—0. For ;2% er Z,UVZ,UY and o' Y g Z2UY, in order to obtain a
residual part with order O(n “2N2K), we expand them to high order Taylor series. Details
are the following. By Condition C1 and the fact Eg pr s(ar) = 1,

-2 k k k k
Egpms|a’Y ZnUNZuUY | = Ecpims| D 242,U5 U

I,LER L,LeER
+3Egpims| Y Z1Z,UPUY | Varg pig st (36)
1,LER

—2Egprs | Y2421 | Covepiz 5<U§f‘) U§f‘>,ak) + 0,(r 2K2N?)
L,LER

and Eg pir s(a; " Z,EQ(ZIUEI‘)) equals

k k
EGpir.s ZZ’UE M+ EGpir.s ZZ,U§ ) Varg pir s(ar)
= [exr

(37)

~Egpirs| > 21 | Covgprs(UP, a) + 0p(r °K>N)
IER
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where COVG1D|R15(U§]{), ak) equals:

Z Wm (l’l - r- I)WZ Z Wm

K - W
B} menN mez,’N + (n—nrw, T 0,,(}"721('2), (38)
BT S
IER Z W, IER
IER
(n=r?> W}
_K)2n—r) IER )
Vargpirsta) = —4 = — 5 ¢ T Op(r °K9), (39)
(n=1) <Z Wl)
IER

and Covg pr s (UEII‘)UZ‘), ak) equals:

S Wut Y W W,

meN m#mEN

K
— 2
n 2

IER

(40)
20—r=1 Y W, (1=r=2) Y Wy, Wy,

n—r m m#mEN

+ (W, +W,,) ZW+ L e
l
IER (ZW1> (ZWZ)
IER IER

+ 0,(r ?K?).

By plugging (37) and (36) into (35) and using (38)—(40) and the Taylor Expansion
argument for simplification, we obtain, for k=1,...,K,

- 2 ~
nN‘ZK“E(Y(S") = Y) =nN "2Var¥;+0(n ' K)+0(n ).
This together with (16) gives the asymptotic unbiasedness of vag:

AN ~2E(vyg)=nN 2K ! {E(ff(s“ - Y)2+Cov (if(s“, ?(52)) } 10 'K)

41
=nN "*Var¥;+0(n 'K)+ 0K "H+0mn ).
Theorem 2 is now proved.
Lemma 1. Let X,[f, k=1, ...,K, be identically distributed positive random variables

with a common mean p < o and a constant COV(X][: ,Xf ) for k # h and any fixed



Shao and Tang: Random Group Variance Estimators 525

K. Assume that COV(XkK,XhK) — 0as K — oo. Then, for any € > 0,

1
lim P ( —
K—o K

Lemma 1 can be proved by slightly modifying the proof of Khintchine’s law of large
numbers (see, e.g., Chung 1974, pp. 109—110) and using the fact that Cov (XkK, ) — 0.

K

D X —n

k=1

> s) =0 (42)

Proof of Theorem 3. The second term on the right-hand side of (18) converges to 0 in
probability, because, by Chebyshev’s inequality, for any € > Oand k # h,

n(6 — 6)> _ nE(0— 0y
P | N2k = 1) “ e S ONAK 1)

nVar (17(;)) nCov (Y(Sk), ?(Sh))

g2N2(K — DK g2N2K
nVar(f’(Sk)> |
=~ 7 K_
e2N2(K — 1)K+ o( )
— 0

when K — oo, where the second last equality follows from (16) and the last equality
follows from Var(f’(sk)) = O(N?K /n). It remains to show the first term on the right-hand
side of (18) is consistent. For k=1, ...,K, let Xf =nN"%(K — 1)*1()7;}() - 0)2.
Following similar argument for the proof of (16), it can be shown that Cov (XkK XK ) —0
when nK ~! — 00 and K — co. By Theorem 2, (15) and C1, E(Xf) is bounded for all k.
Then, by Lemma 1, (42) holds. This, together with the proved fact limE (x§) -
nN 2Var(¥;) =0 in Theorem 2, implies v4s is asymptotically con51stent Thus,
Theorem 3 is proved.
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