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Variances in Repeated Weighting with an Application
to the Dutch Labour Force Survey

Paul Knottnerus and Coen van Duin'

In the past few years, Statistics Netherlands has been implementing the repeated weighting
estimator in its regular estimation process. This estimator ensures numerical consistency
among tables estimated from different surveys. Especially when the tables have some
variables in common, this approach appears to be very useful. After a concise summary of the
repeated weighting procedure, this article gives the variance formulas for the repeated
weighting estimator. It concludes with an example from the Dutch Labour Force Survey. The
variance estimator for this example is discussed and the results of a simulation study testing
the accuracy of this estimator are presented.
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1. Introduction

In classical survey estimation, each survey is carried out and processed independently of
the other surveys and, consequently, the set of weights is held constant per survey. Such a
unique set of weights for each survey makes it easy to compose various tables from the
same survey. However, a serious drawback of the classical approach is that
multidimensional tables from two or more surveys which have a variable in common
may have different numerical values for the same variable, i.e., the tables need not be
numerically consistent. In the last few years, Statistics Netherlands has been implementing
an alternative estimation strategy, called repeated weighting (RW). The RW estimation
strategy accommodates user demands to produce outputs that are numerically consistent.
The underlying methodology is based on the seminal paper by Kroese and Renssen (1999).
In a recent article by Houbiers (2004), considerations with respect to the RW estimation
procedure plus its applicability in practice are described extensively. She also describes
the social-statistical database (SSD) in which data from various surveys and registers are
combined. For further details, see Houbiers (2004), Boonstra et al. (2003) and the
references therein.
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In essence, the RW estimation procedure amounts to an additional calibration step to
adjust the standard regression weights. For some tables such a step might be necessary
when margins of a table to be estimated are already estimated from a larger survey or the
margins are known from a register. For more results on calibration estimators, see Deville
and Sérndal (1992). This article presents a derivation of the variance formulas for the RW
estimator, as well as the results of a simulation study testing these formulas in practice.

The outline of the article is as follows. Section 2 gives a concise summary of the RW
estimation procedure for a set of frequency tables and introduces some notation. In
Section 3 we present a method for estimating the variance of the RW estimator. This
method is based on the variance tree of so-called superresiduals described in Knottnerus
(2001) and Boonstra et al. (2003). Section 4 gives a practical example with real data plus a
number of useful recursions for estimating the variance. Section 5 describes the results of a
simulation study. The simulations are carried out with data from the Dutch Labour Force
Survey in order to get an insight into the performance of the variance estimators described
in Section 3.

2. The Repeated Weighting (RW) Procedure

The main aim of the RW estimation procedure is to obtain a set of numerically consistent
tables in cases where the tables are estimated from different sources. These sources may be
either surveys or registers. Regarding a given reference period, a set of target tables is
specified. Throughout this article we make four assumptions:

1. the reference period of the registers and the surveys is the same;

2. the registers and surveys refer to the same population;

3. variables with the same name have the same definition for all relevant registers and
surveys;

4. the categorical variables have hierarchical classifications, i.e., each class of a more
detailed classification is nested within one class of a less detailed classification.

If the first three assumptions are not fulfilled, the RW estimates are not meaningful, since
we will have imposed numerical consistency on quantities that need not be numerically
consistent. The last assumption is required for the RW procedure to work. The variables
referred to in these assumptions are those appearing in the set of target tables that one
wants to estimate. Therefore it is necessary to specify this set before one can check
whether the requirements are met.

In this article we focus on RW estimates using the so-called splitting up procedure. This
procedure is a practical way of dealing with the order problem, i.e., the problem that the
estimation results depend on the ordering of the tables to be estimated (for further details,
see Boonstra et al. 2003). For simplicity, we restrict ourselves here to the case of
(multidimensional) frequency tables.

The proposed RW estimation procedure consists of three steps. First, the set of target
tables is specified and ordered. Second, the tables are estimated by means of the regression
estimator. Third, a reweighting step is performed in which the table estimates are
consecutively adjusted in such a way that numerical consistency between the estimates is
obtained. We discuss each of these steps in more detail.
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2.1.  Step 1. Specifying and Ordering the Tables

First, the set of target tables to be estimated is specified. Next, all margins of a target table
are added to the set of tables to be estimated. A marginal table is obtained by (i)
aggregating over one or more categorical variables of a multi-way table or (ii) using a less
detailed classification of a categorical variable. For example, the two-way table A X B is a
margin of the table A X B X C and also of the table A X B®), where B® has a more detailed
classification than B. The tables are then ordered in such a way that a margin of a
multidimensional table always precedes that table.

2.2.  Step 2. Regression Estimation of the Tables

In this step, each table is estimated by means of the regression estimator from the most
appropriate data set. In general, this will be the largest survey or a combination of surveys,
also called a block and denoted by S. Note that when all variables of a table are available
from registers, the table can simply be counted from the register data. Before we introduce
the regression estimator for a frequency table, we introduce some notation. Let x; denote
the vector of J auxiliary variables for the ith element in a regression from block S. Let ¢,
denote the corresponding vector of population totals of the auxiliary variables.
Furthermore, let ¢y denote a vectorized multi-way frequency table of the (multiple)
categorical variable Y with P mutually exclusive categories or cells. To indicate the actual
categorical variables in the table in practice, ¥ will often be of the form A X B or
A X BXC, etc; for the algebra of vectorizing multi-way tables, see Knottnerus (2003,
pp- 371-372). The underlying vector y; of the vectorized frequency table ¢y can be seen as
a P-vector of zeroes except one unity value, indicating the appropriate class of the ith
element with respect to the (multiple) categorical variable Y; note that ty =1, = >~ vi,
where U stands for the population. The regression estimator of a vectorized multi-way
frequency table 7y from block S can now be written in standard matrix notation as
2I;EG(S) _ 21}-/IT(S) + Bii . ( f — 2HT(S)>

X

=S a4 B [ 1 - S a0,

ies ieS

-1

5 s s
By, = de )xix; de )x,-yi»
ies ies
where 7" and 2" are Horvitz-Thompson (HT) estimators from block S, and y/, x/ and

B’ are the transposes of y;, x; and B, respectively. The dgs) stand for the design weights in
block S. That is, for a single sample we have straightforwardly dﬁ” = 1/m;, where g; is
the first-order inclusion probability for that sample. For a block consisting of, for instance,
the union of two samples S| and S, we may choose

~HT(S) __ ~HT(S ~HT(S2) __ S
B =y A=A =Yy, 1)
i€s
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where A reflects the relative weight or reliability of S; in block S. Consequently,
A/ ifi € S;andi & S,
dl(s): (1 = Ay)/mi ifi € Syandi & S
M/mi+ A —A)/m fi€ST NS,

A simple manner for choosing an appropriate value for A; is to set A; = ny/(n; + nz)
where n; and n; are the sample sizes of S; and S, respectively. In general, it can be shown
that this choice of N is optimal when S; and S, are two (independent) simple random
samples with replacement, or when S| and S, are two mutually disjoint subsamples
without replacement from a large SRS mother sample S without replacement; see
Knottnerus (2003, p. 340). For examples illustrating that for unequal probability sampling
the sampling error can be much more relevant than the sample size, see Section 5 and
Houbiers et al. (2003).

In terms of weights the regression estimator can be written in the familiar form

OO = S,
ies
-1 2)

S) _ 408 ! (), ./ _ AHT(S) _ 49 S
w” =d, 1 +x; Zdi XiX; <tx I ) =d;”g;
=

A well-known property of the regression weights wl(-s) is that they satisfy the calibration
equations

S
ZWE ))C,‘ = Iy

ies

)

Recall that the regression weights w'® can be seen as the solution of the constrained

minimization problem

2
. S wi .
mmWZdE )<dgsl) - 1) subject to Zwixi =t,
1

€S €S

see Deville and Sérndal (1992). In addition, throughout this article we assume that a
constant term is included in the underlying regressions so that the residuals ¢; from a
regression on the whole population have a zero total, i.e., f, = 0.

2.3.  Step 3. The Reweighting Step

When for a certain table the regression weights wl(-s) lead to a margin that is numerically
inconsistent with an estimate of that margin from a previously estimated table of the set,
that table should be reweighted. Such an inconsistency will occur when, for instance, such
a margin is observed in a block larger than S whereas that margin is not included in the
vector x; of auxiliaries or, in terms of calibration, the margin is not included in
the calibration equations for the actual block S. By reweighting we mean an adjustment of
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the regression weights wfs) for this specific table so that the margins of the reweighted
table are in line with their estimates from a preceding table or their known counts from a
register. Let m denote the vector variable of all linearly independent margins of the
present, vectorized multi-way table 7y. For a further discussion on margins when one of the
variables in table 7y has two or more hierarchical classifications, see Boonstra et al. (2003).
Now the RW estimator of ¢y from block § is defined in a recursive way by

~RW __~REG(S) 1 ~RW _ ~REG(S)
tY _tY + Bw.,m (tm tm )

3)

-1
> _ (S) I (S) !
By = E w; mim; E w; m;y;
ies i€s

For an example, see Section 4. The elements in ?ZW are estimates from a preceding table
or known counts from a register. Similarly to (2), we can write the RW estimator fI;W in
terms of weights. That is,

ARW _ )

ty reyi
i€S

-1

rlgy) = w91+ m! ZWES)mimi' (?RW . ?REG(S))

i m m
i€S

Hence, by construction the rEY ) satisfy the corresponding consistency requirements

(V) _ 4RW
rpmp =1,

€S

This also holds true when the variables in m are linearly dependent, provided that the
consistency constraints have a solution and the generalized inverse is used in the foregoing
formulas; see Renssen and Martinus (2002).

In summary, repeated weighting can be seen as an additional calibration step for a new
adjustment of the regression weights WES) resulting in the final weights rfY), which are
consistent with the given margins of the present table. That is, these margins are already
given by estimates from preceding tables or are already known from a register. Similarly to
the second step, the 71"’ can be seen as the solution of the recalibration problem

2

. © [ i . __ARW
mm,Zwi S 1 subject to Zrimi =1,
iES Wi iE€S

Finally, it should be noted that the vector 7, in the regression estimator in Step 2 may
include elements which are estimated for a preceding table from a larger block by either
standard weighting or repeated weighting. However, because of its recursive definition the
RW estimator always remains within the class of linear combinations of regression
estimators from the underlying samples.
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As an alternative to repeated weighting, one could simply include m; in the auxiliary
vector x; to avoid numerical inconsistencies among the tables. Such an approach should
work well when each sample size is sufficiently large and the number of variables in x; and
m; is small. However, in the case of a large table the number of variables in x; and m; can
be rather large and this approach will often become hard to apply because of a lack of
observations in many cells. Repeated weighting reduces this problem by limiting the
number of calibration equations involved in each particular table estimate.

When the samples are large enough, a fairly different approach is as follows. Assuming
that there are g tables with common margins, define ty = (ty,, . . ., 1y, 1)) Let Rty = ¢
be the set of linear consistency equations. This includes 7, = t,o, Where 7,9 is the vector of
known population totals. Let 7y be the estimated vector resulting from the different surveys
and let Vy be its covariance matrix. Assuming normality, the optimal consistent solution
according to least squares theory now becomes

’l:(ywm) - ;y + K(C - R/l\y)

~cons)\ __ _
Cov(i,") = (I — KR)Vy
K = VyR'(RVyR)™!

For further details and examples, see Knottnerus (2003, Chapter 12) and the references
given therein.

3. The Variance of the RW Estimator

In order to derive a formula for the variance of the RW estimator, we consider the situation
with one register and two independent samples S| and S, without replacement of sizes n;
and n,, respectively. The first- and second-order inclusion probabilities are denoted by
and mry;, respectively (k = 1, 2). Let the vector x; of auxiliaries be known from a register
for all elements i in population U. Let the categorical variable Z be observed in S} and S,
and let the categorical variable Y be observed in S,. Suppose that for all initial estimates we
use the regression estimator based on the auxiliaries in x, irrespective of the survey. It is
obvious that, in general, the Z-margin from the estimated two-way table ?253(52) from S is
numerically inconsistent with the estimated table iﬁEG(S") from S5, i.e., the union of S; and
S>. Therefore, according to the splitting up procedure the estimated table ?§§§(52) is to be
reweighted with respect to its two margins. Applying (3), we get

{REGS) _ {REG(S:)

~RW __ ~REG(S>) / Y
Iyxy = Izey — + (B w;Z7Bw;Y’) (REG(S:) _ REG(S)
Y- Y-

“4)

~REG(S: 2 ~REG(S>
_ thY( 2 4 B, (r§EG(S‘2) —* <_)) +0

where Y~ is obtained from Y by leaving out one of its categories; this removes a
redundancy or, equivalently, a linear dependency among the margins in the underlying
regression. Note that the matrix IAS’W,m [= (E’W;Z, IAS’:V y- )'] stems from a weighted regression
of the categorical variable Z X Y on the categorical variables Z and Y~ with weights w2

i
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or, more precisely, from the weighted regressions of the dichotomous variables in y;&z; on
the dichotomous variables in z; and y; . Also note that txy = > ., ¥/®z;, where & is the
Kronecker product and #zxy is defined as the vector in which the columns of the two-way
frequency table Z X Y are stacked one on top of the other. From (4) it can be seen that
the RW estimator can be written as a linear combination of regression estimators from S
and S,.

Before we derive the variance formulas for the RW estimator, it is recalled from
standard sampling theory that a regression estimator for a frequency table from a random
sample S of size n can be approximated by

?1556(5) AHT(S) + de( 1 — ;XHT(S)>

=79 4B (1= 270) + B — B (1 - 1) (52)

~HT(S)

= constant + 7, + O,(N/n) (constant = Bz, = ty)

— /!
e =y — Bx;

(5b)

/ /!
E x,-xi E xiyi

iev iev

In (5b) we made the regularity assumption that all estimated population means and
regression coefficients have variances of order 1/n; see Knottnerus (2003, p. 119). Note
that the so-called population residual e; is a vector of ordinary variates; cf. the y;.
Subsequently, the covariance matrix of the regression estimator tYEG(S) from (5a) can be
approximated in the usual manner by

!
FREGS) €ié;
Cov( ) E (7 — 7)) 7_”;

i,jeU illj

Assuming that 1 << n << N, we can borrow the variance estimator from the Hansen-
Hurwitz (HH) estimator for estimating this variance; see Siarndal et al. (1992, p.422). That
is, assuming that the sample size is much smaller than N, we may ignore the finite
population correction. For the case at hand, this yields

Cov (") = 3 (@) 22! ©)
i€5
For a justification of this form, see (A3) in Appendix A. The estimated sample residuals
¢; in (6) are based on the estimated regression matrices Bdﬁx from S.
Now it is rather straightforward to derive an approximation formula for the variance of
an RW estimator. Similarly to (5b), we can approximate the RW estimator from (4) by

AHT(Sy) FHT(Sp) _ 4 HT(S)
thY Izxy + te(zxizf) + B, ( e(Z) " Lez) ’ ) + Op(N/n2)

where ¢;(-) is a vector of residuals for the ith element of population U from a regression of

) on the variables in x. Decomposing 7" into its two underlying components
p g lyz) ymg p
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according to (1) and neglecting higher-order terms, we get
AHT(S2) HT(S HT(S ~HT(S2)
tz><y tzxy + Tyzuyy + B {)‘lte(zg V- Al)te(zg )~ taz) }

AHT(S1)

~HT(S>
—txY+t 2)

+1,,
where the so-called superresiduals €j; and &;; for S| and S, are defined by

&1; = MBYei(Z)
£ = MBLeZ) +e(ZXY) = BLe(Z) (M=1-A)

respectively (i = 1, . . ., N). These superresiduals play a crucial role for estimating the
covariance matrix of an RW estimator. Using that S; and S, are independent, the
covariance matrix of 2% can be approximated by

. . &
Cov(tglvy) Cov (HT(S') + tHT(S2)> ZZ(THGJ i Tj) ——— - K

—1ijES; TTiei T

Similarly to (6), this covariance can be estimated by

Cov (2%) ZZ (d®)? 7)

=1 IES;

provided that n;,n, << N. Note that the superresiduals &;; (k = 1, 2) have zero totals as
well. Furthermore, the estimated superresiduals from the samples are based on the
estimated regression matrices Bd,x and fEW;Z; note that these matrices depend on the actual
block and the dependent variable of the underlying regression. For a discussion on the
variance for RW estimators under two-phase sampling and a simple variance
approximation of the RW estimator, which is useful in the context of one register in
combination with one sample, see Boonstra et al. (2003). In the next section we will show
how in more complicated situations the superresiduals can be calculated table by table in a
recursive manner.

4. An Example from the Dutch Labour Force Survey

Houbiers (2004) describes the present state of the Social-Statistical Database (SSD) used
by Statistics Netherlands. Furthermore, she explains how different surveys and registers
can be combined in order to obtain reliable and consistent estimates from the SSD by
means of repeated weighting. She also discusses a number of complications in the process
of constructing the SSD and estimating consistent tables from it. In this section we will
elaborate on her example of the Dutch Structure of Earnings Survey (SES), in which the
Employment and Wages Survey (EWS) is combined with the Labour Force Survey (LFS);
see Figure 1. In particular, we derive the variance estimators for the RW estimators, which
were used to obtain numerically consistent estimates. A special feature of SES is that the
population consists of jobs. The auxiliary variables gender (G) with 2 classes, age (A) with
5 classes, and business class (C) with 24 classes are known from a register for all jobs of
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Age, gender, Salary, Education, Age, gender,
business class  working hours profession business class
Register EWS
of Register
jobs
LFS

Age, gender, Salary,

Age, gender,  Education, business class working hours

business class  profession
S, | Register | LFS
Register EWS
Age, gender, Salary, Education, SI g
business class working hours profession
S; [Register | _EWS [ LFS |

Fig. 1. Example of micro data from the SSD, and the construction of rectangular data blocks

the population. The study variable working hours (H) with 2 classes is observed in the
EWS (§)) while the variable education or learning (L) with 7 classes is observed in the
LES (S2).

Our target table is the three-way frequency table gender X working hours X education
or, for short, fGxpxr. This table with 28 (=2 X 2 X 7) cells is to be estimated from the
overlap of S| and S,. S is a sample of approximately 50% of the population of jobs while
S, is an independent sample of only 1.56% of the population. The overall weighting
scheme for S;, S> as well as S3(= 851 N S,) consists of the dichotomous variables
corresponding to the categorical variables gender X age and business class or, for short,
G X A + C. Taking into account the various number of classes, the vector x of linearly
independent auxiliaries consists of 33(=2X5424—1 dichotomous variables
corresponding to the weighting scheme (G X A) + C.

According to the splitting up procedure, we first estimate the one-way tables 75 and ¢,
from S; and S, respectively. Next, we estimate the two-way tables 7Gxy from Sy, fGxr
from S,, and tyyx;, from the overlap of Sy and S,. Since G is included in the vector of
auxiliaries, the estimated tables tléf(g(s Y and rg’;‘f“z) are numerically consistent with the
gender counts from the register. However, the table 75=; > from the overlap of S} and S, is
to be reweighted since it is inconsistent with the estimated tables ?ﬁEG(S‘) and ?IZEG(SZ).
Based on the 8(=2+ 6) linearly independent margins of the reweighting scheme
H + L™, this yields

SRW _ AREG(S3) | 2/ (sRW _ ~REG(S;) Y SRW _ AREG(S;)
Txe = tixe, T Byn (tH In ) + B, - (IL’ I - )

~RW __ REG(S))
Iy =1y

? ~RW ~REG(S>)

and f1,- =1,
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Hence, neglecting the random character of the regression matrices B, we get in terms of
population residuals

RW AHT(S3) | (AHT(S)) _ AHT(S3) I (AHT(Sy) _ AHT(S3)
sy = thxt + L) + By (te(H) Lo(H) ) + B, - (te(L’) Lor-) )

Now collecting the residuals for each Sy (k = 1, 2, 3), we get in terms of superresiduals

~ARW ~HT(S ~HT(S:
= tuxe +7 (S1) (S2)

+7 ~HT(S3)

+ 1

€1iHXL €2i,HXL €3i HXL

e1iuxt = Blyei(H)

exipxt, = B e(L7)

&3imxt = ¢i(HX L) — Byei(H) — B} —e;(L™) ®)
Likewise, for the RW estimator of the target table G X H X L we have
2I(Q;Z<V1L1><L = 22&%52) +B Gt (ilé‘;vH - ?Iéig(&))
B ({0 )
B (B — 1)
= G ana 1 = o

while ?ZVYXU is given by (8). Recall that Houbiers (2004) does not include H X L in the
reweighting scheme because, strictly speaking, it is not needed to achieve numerical
consistency or to reduce the variance of the estimator. The weighting scheme she uses,
(GX H)+ (G XL),is called the minimal reweighting scheme for this estimator; note that
table fyx; cannot be estimated from a larger survey than S3. Here, we have chosen to use
the more elaborate splitting up procedure because this allows us to demonstrate the use of
recursions in the repeated weighting procedure.
In terms of population residuals the RW estimator of 7Gxyx; can be written as

RW AHT(S3) / SHT(S)  ~HT(S3)
Ioxxe, =constant + 1,y + By (te(GxH) te(GxH))

/ ~HT(S,) ~HT(S3)
+ B (te(GxL’) - te(GxL’))

/ SRW HT(S3)
+By-xr- (tH’XL’ - te(H’XL’)) (10)
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Now it is not difficult to see, from (10) that the superresiduals for ?glvny are related to
. ~RW
the superresiduals for 7;,-,, - as follows

E1ioxtixt = By - €1is-xL- + Blyei(G X H)

&2i.Gxtixt. = Bl - 821 -x1- + By, -€(GX L)

&3i.6xixt = By sy -€3im- XL~ + e(GX HXL) — B, ,ei(G X H)
— By, e(GXL™) =By o e(H XL7)

Similar recursions can be derived when one or more elements in 7, from the regression
in the second step are RW estimates from a larger block; see Appendix B.

Since S; equals about half of the population, the variance of an estimator from S; for a
population mean is of order 1/N. Hence, the random character of the estimators from S;
can be ignored since n, << N. Therefore,

Cov <2léz<vH><L) = Cov (?HT(SZ) + TS )

€2,GXHXL €3,GXHXL

s s
= Cov E d™)ey; s, + E d™Ve3i xaix
IES, IESs (11)

Since S3 equals approximately half of S5, the covariance of two arbitrary HT estimators
from S, and S3 need not be negligible. In order to capture this problem, define S, as the
difference of S, and S3, i.e., Sy is the set of records in the LFES which are not included in the
EWS. Now we can rearrange the summations in (11) over S3 and Sy, yielding

~RW
Cov (foHxL) =Cov ZM}i + Zu4,~ (12)

IES3 IESy
__1(8) (S3)
us; =d;>* €2; Gxrxr, + d;7V €31 GxHxL
__4(8)
us; =d;>* &2 GxHxL

Since S5 and S, are relatively small compared to the population, the two sample totals
on the right-hand side of (12) can be interpreted as independent HH estimators from S3 and
Sy, respectively. Conditioning on their sample sizes n3 and ny4, the covariance matrix of the
RW estimator of 18, can now be estimated by

C?)v(?I;ZVHXL) = Z nkni lzﬁkiﬁ;a‘ - nk—l—l Zﬁki Zﬁ;a (13)

4
k=3 1ESk 1ESk €Sk

Here we used (A1) from Appendix A because the population totals of the underlying
variables .., Ui /dl(-sk) (k =3, 4) need not be zero. As before, the estimated sample
variates fi; are based on the estimated regression matrices B in the corresponding
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formulas. For a discussion on the use of conditional sample sizes, see among others Holt
and Smith (1979) and Knottnerus (2003, pp. 133-135).

Finally, some remarks are in order. All data from the EWS, the LFS and the register
are extracted from the social-statistical database and gathered together in the database
for the Structure on Earnings Survey. As stated before, the population in SES consists
of jobs, whereas EWS is a business survey and LFS is a household survey. Due to
these and other complicating factors, the proper inclusion probabilities for the jobs in
S1,8,and S3 were missing in SES. Hence the proper design weights df-sk) are unknown
(k=1,2,3). For this reason we used the actual regression weights wﬁsk)in the
formulas for the variance estimator instead of the dﬁsk). This will hardly have any
effect on the variance estimators because the RW estimator is a linear combination of
regression estimators from various samples. Furthermore, using g-weights according to
Sdrndal et al. (1992, p.235) in the estimation procedure for variances in combination
with the df.s*') is equivalent to the direct use of the regression weights wgs*’) as can be
seen from (6); note that for an arbitrary sample d;g;e; = w;e;. However, when sample
sizes are large, the use of the g-weights is of little interest. Hence the use of wﬁsk)
instead of the d\° will hardly affect the variance estimator in the RW estimation
procedure described here. Moreover, for smaller samples the use of the g-weights is
recommended.

5. Simulation Results

In order to test the RW estimator under various conditions, a number of simulations were
performed. In these simulations, samples were drawn from an artificial population of 6.4
million jobs, which was generated from the Dutch Structure of Earnings Survey. In Van
Duin and Snijders (2003) results are presented for the bias and variance of the RW
estimator of the quantitative table average monthly wage by G X Hs X L, where Hs
represents a more detailed classification of the variable working hours than H, with 5
instead of 2 classes (hierarchically related to H). The bias and variance were obtained both
for the case of minimal repeated weighting and for the splitting up procedure. It was found
that, except for very small sample sizes, repeated weighting only resulted in very limited
additional bias compared to the standard regression estimator. The estimator for the
splitting up procedure was found to yield no larger bias than the one for minimal repeated
weighting. The additional calibrations on previously estimated table margins resulted in a
smaller variance for the RW estimator than for the standard regression estimator. The RW
estimator for the splitting up procedure was found to have a somewhat larger variance than
the one employing minimal repeated weighting. However, this difference was much
smaller than the difference in variance between the standard regression estimator and the
minimal RW estimator.

In the same set of simulations, we also looked at the performance of the variance
estimators described in the preceding sections by comparing them with the “actual”
variances as obtained from the simulations. For simplicity, we only considered minimal
repeated weighting. We present here the results for three different situations for the
frequency table G X Hs X L. Because only minimal repeated weighting was used, the
marginal table Hs X L was not included in the table set.
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Simulation 1. The data set consists of a register and two independent simple random
samples, both of size 100,000. Survey 1 contains the variable Hs, survey 2 the variables H
and L. In the notation of Section 3, Hs now plays the role of Z, and L that of Y. The RW
estimator for the target table is given by (10), with the following adjustments

e we have Hs instead of H (and hence 70 table cells instead of 28)

e the table Hs X L is not estimated and is omitted from the weighting scheme of the
target table

e cstimates from S; in (10) are in this case from §; U S,, estimates from S, or S5 are
now from 5.

Since S and S, are drawn with the same sampling scheme, they are given the same weight
inS; US; 1 A=A =1/2; see (1).

Simulation 2. The samples are drawn with nonconstant inclusion probabilities 7r; using
Poisson sampling. The sample sizes are approximately the same as in simulation
1: E(y) = E(inp) = 100,000. Even though Poisson sampling is not a fixed-size scheme,
the variance formulas derived in the previous sections are also applicable to this
simulation. This is the case because the estimators that are considered in the simulation are
calibrated on the population size, which corrects for the variance contribution from 7,
provided that ; << 1 and n >> 1. The inclusion weights for S; are taken from a much
narrower distribution than those for S,. The squared coefficients of variance for the
weights in the two samples are given by

L =dS0 /a0 — 1 =03, L,=dS[d®) —1=46

Consequently, the quality of the two samples is not the same, even though they have
the same average size. It is important to take the quality difference into account when
determining the relative weights of the two samples in S; U S,. Kish (1992) argues
that, if the target variable and the weights are weakly correlated, the effect of
nonconstant weights on the sampling variance can be taken into account by replacing
the sample size n with an effective sample size nerr = n/(1 + L). We estimate the
sampling variances for S; and S, through this procedure and fix the relative weights of
these samples in S; U S, by requiring that the sampling variance for estimates from
S1 U S, is minimized (we use the fact that the covariance of estimators from S; and S,
can be neglected, since these samples are small and drawn independently). This results
in )\p = neff,p/(neff,] + neff,2), with p= 17 2.

Simulation 3. This simulation mimics the Structure of Earnings Survey, which was
discussed in Section 4. S is drawn with Poisson sampling using the inverse EWS weights,
and S, is drawn using weights with the same distribution as those of the LFS.
(The clustering-effects resulting from the fact that the LES is a household survey and not a
survey of jobs were not addressed in this simulation.) S; contains 2.8 million elements
(half the population), S, approximately 100,000. The target table is estimated from
S3 = 81 N S,, which contains about 50,000 elements. S5 has a very large variance of the
inclusion weights, which it inherits from S;. As a result ng 3 is only about 5,000. S, has an
effective size that is only somewhat reduced: negr o = 77, 000.
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The target table estimator is given by (10), with H replaced by Hs and with Hs X L
omitted from the weighting scheme. The variance estimator is given by (13) with the
appropriate modifications.

For each simulation, the relative bias in the standard error estimator for each cell is
determined from

1 ~ (-RW
I_?Z Var(thI-ixL r)

ASer, = r —1 (14)

2
1 Z RWp 1 RWp
R—1 GXHsXL,r R GXHsXL,r
-

r

where r denotes the simulation run, R the number of runs (600) and p the table cell
(p=1, ..., P).Due to the finite number of simulation runs, (14) is not the exact bias but
an estimate. It has an approximate 95% margin of *0.06. This follows from the
assumption that tG\::H L 1S approximately normal with variance o%w Denoting the
variance estimator in the denominator in (14) briefly by VRW, it follows from standard
statistical theory that for R — oo

~ Sim

Jﬁ(? — 1) — N(0, 2)
RW

in distribution; see e.g., Knottnerus (2003, p.298). Hence, by a Taylor series linearization

N/ —»N<0,1) (15)

A Sim 2
\/ VRW

in distribution, from which it follows that the 95% margin of ASer, is approximately
+0.06 [= 1.96//2(R — 1)]. Note that these margins are not affected by replacing oy in
the numerator of (14) by an estimator Ggy with variance of order N?/n?R because the
denominator has a variance of order N2/nR. The latter result follows from a Taylor series
expansion of (15) which yields

Viw ! N2
1% = ith 0%y, =0 —
ar L) — L it ( )




Knottnerus and van Duin: Variances in Repeated Weighting 579

Hence, Var g\/ V;;:,\) = O(N? /nR). In addition, the variance of the estimator Gy in

the numerator of (14) is of order N2 /n>R because
1 N2s2, N2 N2
Var(Grw) = O R Var Tp = O{E Var(s,,r)} = 0<nTR>
2 1

Z(yipr - ypr)2 (yipr = [li®h5i®gi]p,r)

s
pr —
n—lé=

Figure 2 shows ASér, as a function of the effective cell size for the three simulations.
Every data point corresponds to a cell of the target table for a particular simulation. The
results clearly demonstrate the asymptotic nature of the variance estimators (7) and (13).
Their derivation relies on a Taylor linearization procedure in which the sampling variance of
the estimated regression coefficient B is neglected. This procedure works well for large
(effective) cell sizes, but leads to an underestimation if the number of observations becomes
too small. In simulation 1, the smallest cell size is 51 and no structural bias in the variance
estimator is found. In simulations 2 and 3, effective cell sizes as low as 1 occur, which leads
to a serious negative bias. (Although simulation 3 mimics the SES, the target table estimated
here is much more detailed than the ones estimated in the SES.) The data points for the three
simulations follow broadly the same curve. Apparently, the effect of nonconstant inclusion
probabilities on ASer is taken into account well by replacing n with ne (for this particular
estimator). Also, it does not seem to affect ASer whether the table is estimated from a union
or an intersection of samples, and hence whether the variance estimator (7) or (13) is used.
We do expect ASer to depend on the calibration scheme of the target table. The same
scheme was used in all three simulations. If fewer calibrations were included, the value of
negr Where the linearization procedure breaks down could shift downward.

The negative bias at small cell sizes is not specific to the RW variance estimator. In fact,
the linearized variance estimator for the regression estimator (2) suffers from the same

0.2
0.1
ASer, o
' 0 Ral XA X XOpX x° L * L o °
A X A X X o
X XX o X X
’??AAXAXI?E s Sa%Rax o 4 &
-0.1 vy o A =~
AA A A
o2 14
-0.3 '-% O Sim. 1
X Sim.2
_04 A Sim. 3
N
-0.5
0 25 50 75 100 125 150
n? .
eff

Fig. 2. Relative bias in the standard error estimator for cell-counts of the target table G X Hs X L in the three
simulations
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problem. Because the RW estimator involves a large number of calibrations, the negative
bias for small samples is likely worse than for (2). However, Boonstra (2004) argues that
this can be compensated by the smaller variance of the RW variance estimator and that,
consequently, the mean squared errors of the variance estimator for RW and for the
regression estimator are often comparable.

6. Discussion and Further Research

Technically speaking, repeated weighting amounts to a further cosmetic adjustment of the
commonly used regression weights w; resulting in new final weights r;. This possible
cosmetic adjustment resembles the adjustment in the regression or calibration estimator used
by many National Statistical Institutes, where the regression weights w; can be seen as an
adjustment of the starting weights (1 /7). The consequence is that the final weights may vary
from table to table.

Currently, Statistics Netherlands is implementing the repeated weighting (RW)
estimator in its regular estimation process to obtain consistency among tables. Apart from
the assumptions mentioned in Section 2 it also is important for applying this RW
estimation procedure to have an appropriate metadata system underlying the micro
databases from the surveys and available registers. For instance, Statistics Netherlands has
a software tool, called VRD, for the collection of tables related to a given target table. Such
a tool is necessary when there are many multidimensional tables to be estimated with
variables with many different (hierarchical) classifications or variables like income in
either categorical or quantitative form.

This article focuses on classification variables in order to avoid a number of
complications caused by the use of quantitative variables. A complicating factor for the
latter type of variables is that a quantitative variable, such as income, can be used both as a
classification and as a quantification variable. A problem that may arise in this context is
the consistency of a table on total income per income class. That is, the mean income of a
low income class must be lower that the mean income of higher income classes. This
problem may arise when the number of persons in an income class is estimated
independently; see Renssen et al. (2001). Another problem is the treatment of edits of the
form: 1) the number of persons in a certain region with a driver’s licence cannot exceed the
number of persons who are 18 or older in that region, or ii) costs plus profits must be equal
to the turnover of all enterprises. Van de Laar (2004) points out how this kind of edits can
be incorporated in the RW estimation strategy. Although the RW estimation procedure
becomes somewhat more complicated, the same variance formulas can be applied.

Different simulations indicate that compared to the variance estimator of the regression
estimator the (negative) bias of the variance estimator of the RW estimator slightly
increases but both the variance and the mean squared error of the RW variance estimator
decrease provided that the effective sample sizes are not too small. In practice the
numerical differences between the splitting up and minimal weighting procedures are
small. The former has only a somewhat larger variance than the latter. However, this
difference is smaller than the difference in variance between the standard regression
estimator and the minimal RW estimator provided that the cell size is large enough.
Further research is needed to investigate various methods for improving the variance
formulas in the case of small cell sizes.
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Appendix A: Variance Estimators for the Hansen-Hurwitz (HH) Estimator

Consider a sample S of n independent drawings yi, . . .,y, with replacement from a
population U of N numbers Yy, . . ., Yy. For each drawing the drawing probabilities are

pi, - - -,pn. The Hansen-Hurwitz estimator of population total 7y and its variance are
given by

AHH __ZYz Zdlyl<d _ _)

tES Pi =

AHH 1 Y; :
Var(ty ) = — E pi\ — — ty
nier \Pi

respectively. The variance can be estimated unbiasedly by

2

. 1 i1 i
Vi) = s Iy
nin— D \pi nigpi

(P,> y,
(n B 1) lES LES pl
2

= Z(dz)’z)z Zdlyz

IES ies

In other words, writing the HH-estimator as ?;IH = Zies a; with a; = d,y;, its variance
can be estimated by

2

~ (~HH n
Var(t ) = a; — a;
! n—léez"' Z l

ies

When y; is a random P-vector corresponding to a categorical variable Y, the
. . . ~HH
corresponding covariance matrix of 7,” becomes

Cov(?I;H) :n— IZaa — _1 Za,Za (A1)

€S ieS

We use (Al) in Sections 3 and 4. If we have prior knowledge that ry = 0, an unbiased
estimator of the covariance matrix is

Cov (?I;H) = Zdl-zy,-yg (A2)

€S
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This is of interest for the estimator of the covariance matrix of a vector regression
estimator with a constant among the auxiliaries in x; so that

doe=> (yi—Bx)=0

ievu ievu

-1
B, = inxé iny;-

ievu ievu

Note that Col(E) L Col(X) and hence, f, = 0 provided vy € Col(X), where vy is an N-
vector of ones, E is the N X P matrix of residuals, X the N X J matrix of auxiliaries, and
Col(.) stands for the column space spanned by the columns of (.); see Knottnerus (2003,
p-25). Also note that in practice B is to be replaced by its estimator Ed‘,x, leading to

Cov (i) = S o) @ =i~ By (A3)

ies

Appendix B: Recursions in the Case of Estimated Totals Among the Auxiliaries

In this appendix, we consider the situation described in Section 3 with two independent
samples and a register. In addition, we assume that, quite generally, some elements in the
vector t,, used for the regressions in block S, are RW estimates from S;,. We write this
preceding RW estimator in terms of superresiduals as

~RW s s
f, =t + de ‘)81,;; + de 2)82i,x

€S [{SAY)

Neglecting the random character of the estimated matrices B in the remainder, the
regression estimator for an arbitrary frequency table 7y, from S, can be written as

iy i —1

AREG(Sy) __ ;HT(SZ) +B (ARW . AHT(SZ))
-ty Vix X

_ AHT(S>) / SHT(S1) | AHT(S:)
=ty + oy +BV;x(z8m +1, ) ®1)

-1
By, = o o
Vi = XiX; XV,

ievu ievu

Consider now the RW estimator for ¢y from S, with the initial regression estimators
. ~ARW .
being based on 7, " . That is,

~RW ~REG(S> ~RW ~REG(S
By =5 1B (tm — R 2)) (B2)
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where according to (B1) the regression estimators are given by

~AREG(S: ~HT(S>) B AH} N ~HT(S:
) ( 2) €()§ l] X( o 52):( 2))
~REG(S ~HT(S: HT S ~HT (S,

Furthermore, by construction, the estimate ?ZW from the preceding tables can be written
as

~RW AHT(SI)

B =ty A 1o OV 4 T (B4)

Substituting (B3) and (B4) into (B2) gives

ARW ~HT(S: ’\H] S ~HT(S:
ty _tY+te(Y§ 2)+1; ( (])+l (2))
HT S ~HT (S ~HT (S ~HT(S ~HT (S
+ B { 1) + t82,m( 2) tE(m() 2) Bl ( 8“( D +t ( 2))} (BS)

On the other hand writing ?§W in terms of superresiduals

ARW AHT(S1)

ty' =ty +1 + e (B6)

€Ly &y

it follows from comparing (B5) and (B6) that the superresiduals for Y from the reweighting
step obey the recursions

—(pl  _ pl
ety =By, — By, B )€1ix + By, €1im

&2y =By, — By.uB. )% + By, €2im + €i(Y) — By, ei(m)
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