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Order nps Inclusion Probabilities Are
Asymptotically correct

Bengt Rosén

ABSTRACT

A particular class of sampling schemes with inclusion probability proportional to size
(nps) was introduced in Rosén (1997), called order nps schemes. They were derived
by limit considerations, and as a consequence their mps property is slightly
approximate for finite samples. Rosén (2000 a) showed that the following holds under
general conditions for three particular order mps scheme of special practical interest,
Pareto, uniform and exponential order mps. .

With A(#) and my(n) for desired respectively factual inclusion probabilities for

population unit £ when the sample size is » ;

T(n)/ M(n) — 1, uniformly over k as n — .

This entails that the schemes have asymptotically correct ( = desired) inclusion prob-
abilities. Here is shown that, as conjectured in Rosén (2000 a), the result holds not
only for the mentioned particular schemes, but for order mps schemes very generally.
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Order nps Inclusion Probabilities Are
Asymptotically Correct

1 Introduction and outline

A probability sample without replacement is to be drawn from the population U =(1,2,...,N),
using a sampling frame which one - to - one corresponds with the units in U. Moreover, the
frame is presumed to contain values of a size variable, s = (s, sz, ..., Sn), Sk > 0. As is well
known, if the size variable is fairly proportional to the (chief) study variable, estimation preci-
sion benefits from using a mps scheme, i.e. a sampling scheme with sample inclusion prob-
abilities 7,7, , ..., Ty such that;

T is proportional to sx, k£ =1,2,...,N. (1.1)
It is generally desirable that sampling schemes have predermined/ fixed sample size. Accord-

ingly, in the following we confine to mps schemes with fixed sample size n. Then, under (1.1)
the desired inclusion probabilities )\, A, , ,\y are;

Mo=n-s,/ > s, k=12,.,N. (1.2)
This formula may yield A:s which exceed 1, which is incompatible with being probabilities. If

so, some adjustment has to be made, usually by introducing a "take for certain" stratum. In the
sequel is presumed that adjustment already is made, so that Ax <1 holds for k=1,2,...,N.

A "perfect" mps scheme satisfies (1.1) with m, and Ay being exactly equal for all £. In the fol-
lowing we are a bit more "generous". A sampling scheme which satisfies (1.3) below is ac-
cepted as a ps scheme (in wide sense);

= Ax holds with good approximation for k=1,2,...,N. (1.3)

The literature offers a multitude of mtps schemes, among these the so called order mps schemes
introduced in Rosén (1997). Such a scheme is specified by parameters (N, s, H, n), referred to
as an (order mps) sampling situation , with the following interpretation. N is the population
size, s = (81,2, --. , SN) are size values, H(t) is the probability distribution function for a distri-
bution on [0, o) with density, and # is a predetermined sample size. The definition of an order
7tps scheme is stated below.

DEFINITION 1.1: An order aps sample from U=(1,2,...,N), with size values
$ =(51,82,-..,SN), Shape distribution H(t) and sample size n is drawn as follows.

Step 1: Compute desired inclusion probabilities A= (A1, A, , ...,Axn) by (1.2).

Step 2: Realize independent random variables R, R,, ..., Ry with uniform distri
butions on [0, 1], and compute ranking variables Q as follows, where
H ! stands for inverse function;

Qu=H'RY/H'), k=1,2,..,N. (1.4)
Step 3: Finally, the sample consists of the units with the n smallest O-values.

It is by no means obvious that order tps schemes have the (wide sense) mtps property (1.3), as
indicated by their name. The chief aim in this paper is to prove that this in fact is true. More
specifically we prove that (1.5) below holds under very general conditions. In (1.5), and hence-
forth, notations like m,(n) and Ax(n) indicate dependence on the sample size n.

maxkeu | T, (n)/A, () =1] >0, as n— oo, (1.5)




Rosén (2000 a) showed that (1.5) holds for the three order mps schemes of greatest practical
interest, which are specified by their shape distributions in (1.6) - (1.8) below. There the nam-
ing rule is that an order mtps scheme is christened by the name of its shape distributions.

Uniform order ips:  H(t) = min(t,1), 0<t<eo, having H'(A)=A. (1.6)
Exponential order ps: H(t)=1-¢", 0<t<oo, having H'(A) =-log (1-1). (L.7)
Pareto (order) nps: H(t)=t/(1-t), 0<t<oo, having H'(A)=A/(1-1). (1.8)

Uniform order mtps was introduced by Ohlsson (1990, 1998), who calls it sequential Poisson
sampling. The author and P. Saavedra (1995) independently came across Pareto order mps.
Saavedra calls it odds ratio sequential Poisson sampling. A "user's guide" for Pareto mps is
presented in Rosén (2000 b). Aires (1999), Aires & Rosén (2000) and Rosén (2000 a) present
findings from numerical investigations, which show that in particular for Pareto mps the
approximation (1.3) works very accurately already for quite small sample sizes.

The concem in this paper is, however, not the small sample behavior of order nps inclusion
probabilities but their large sample behavior for general shape distributions, not only for those
in (1.6) - (1.8). As already stated, the chief result is that (1.5) holds for a very wide class of
shape distributions .

Thereby we are addressing a result with simple formulation and general scope. We see it as a
challenge that such a result ought to have a simple proof. This cannot be said about the proof
in Rosén (2000 a), although it was confined to the three particular schemes. Even if proof ideas
in this paper basically are the same as as in Rosén (2000 a), a considerably simpler proof a for
a considerably more general result is presented. Matters are better understand by now, and we
feel a bit embarrassed for earlier "clumsiness". We leave to the reader the challenge that the
proof maybe can be even further simplifieid.

Throughout the paper P and E have their usual probability theory meanings, probability and
expectated value. Moreover, log stands for natural logarithm and e = 2.718...

2 The chief result
In the subsequent limit considerations we work in the usual framework for finite population
asymptotics: A sequence of populations U, with sizes Ng, ¢ =1,2,3,.., such that;

Ng—> o, asg—>eo. (2.1)
An index g signifies that the quantity relates to the sample from the g :th population. In parti-
cular, an order mps sampling situation is specified by parameters (N, s9,H, ng). Note that the
shape distribution H is presumed to be the same in all situations. However, from now on we
take a more general approach. Instead of viewing sizes s = (s;, Sy, ..., SN) as primary parameters,
that role is given to desired inclusion probabilities A = (A1, A2, ., An). They are presumed to be
apriori specified, and their values may emanate from (1.2) or from somewhere else. As is well
known, for a sampling scheme with fixed sample size, the inclusion probabilities add up to the
sample size n. Accordingly, A is presumed to satisfy;

0<M<L,k=1,2,....,N, and A, +Ay;+...+ Ay =n. (2.2)
Hence, the g:th sampling situation is specified by parameters (N, A@ ,H,ny), and the sampling
scheme is defined by Steps 2 and 3 in Definition 1.1. Although size values no longer are
explicitly involved, we continue to call the schemes "order mtps schemes", even if schemes
with varying inclusion probabilities would be more adequate. As before, 71,7, ..., Ty denote
the true inclusion probabilities, in contrast to the desired ones, A, Ay, ..., Ax. The task is to
show that the approximation T = Ax under very general conditions works as stated in (1.5).



Some conditions on the parameters (Ng, A9 H ,1y) must be imposed, though, and such condi-

tions are introduced next.

The shape distribution H is a probability distribution on [0, ) with density, denoted by h(t).
The support interval [0,1y) for H is defined by: Ty=sup {t: H(t) <1}. (2.3)
The density h(t) is continuous and strictly positive on [0,Ty). (2.4)

Theorem 2.1 below concerns situations where the regularity condition (2.4) is met. It covers all

order mps schemes which, as we understand it, may be considered for practical use, in particu-

lar those in (1.6) - (1.8). From a theoretical point of view, though, it is of interest to find out

under how general conditions on H that (1.5) holds. Section 4 discusses ramifications of Theo-
rem 2.1, 1.a. some weakenings of the assumption (2.4).

Under (2.4) H(t) increases strictly and continuously on [0, 1Ty), from 0 to 1. Hence, the inverse
function H (L), 0 <A <1, can be, and is, defined in the simple and natural way: H () = the
(unique) 7 for which H(t)=A. Boundary values for H ' are set to H 10)=0, resp. H(1) = 1.

Next some notation relating to the desired inclusion probabilities ;
A =min{AP, AD, ALY, A, =max{AF, AP, .. A} (2.5)

We are now prepared to formulate the chief result.

THEOREM 2.1: A sequence (Nq,k(q),H,nq), qg=1,2,3,..., of order Tps sampling
situations is considered. The shape distribution H is presumed to satisfy (2.4). Then
the following holds if conditions (i) - (iii) below are met;
maxiev,| T (0,)/ AP (n)—1] = 0, as g— eo. (2.6)
Conditions:
(i) ng—>oo, asg—> oo, 2.7
(i) lim,,. A9 <1, (2.8)
(i) Tim,.,. log(UAY,)/\/n, =0. (2.9)

Remark: Condition (2.9) says that no A- value is allowed to be "extremely small". Since (2.6) con-
cerns the relative error in the approximation.m, = Ay, a condition of this type is not surprising. We do
not know, though, if (2.9) is a "precisely right" condition. a

The corollary below presents a version of the above result for the "traditional" mps situation,
i.e. in terms of conditions on size values. In analogy with (2.5) we set;

@ @

, ( _ @ @
@ —min{s?, s ,...,s;:}, s@ =max{s¥, s, ... Sy} (2.10)

min

S

COROLLARY 2.1: A sequence (Nq,s(q),H,nq), g=1,2,3,..., of "ordinary" order mtps
situations is considered. A:s are defined by (1.2), and H is presumed to fulfill (2.4).
Then, (2.6) holds if (2.7), (2.8) and the following condition are met;

(iv) limsup q-«s? /59 <o, (2.11)
v) (logN,)/\/n, =0, asg—0. 2.12)

Justification of the corollary : From (2.2) follows generally that A%, > n /N,. When the A.:s

are determined by (1.2) we have A9 =AY .(s©@ /5@ ). These two relations readily yield that

min

(2.7) and (2.12) imply (2.9). o



3 Proof of Theorem 2.1
Until further notice we forget about the sequence setting and omit the index g. In particular,
the parameters which specify the sampling situation are denoted by (N,A,H,n).

3.1 A heuristic argument
To give background for the stringent proof we present a heuristic reasoning which sheds light

on the approximation 7ty = Ax. By (1.4) and the fact that the Ry are uniform on {0, 1];

P(Qs1) =PH'RY<H'MW) =PRx<A) = A, £=1,2,..,N. (3.1)
Hence, Q takes its value in the interval [0,1] with probability Ay. This readily yields;

The expected number of Q:s with values in [0,1]is A;+A+...+An= by (2.2) =n. (3.2)
Unit k is sampled if and only if Qy takes its value among the n smallest Q :s. In view of (3.2)
this holds roughly iff Qy takes its value in the interval [0, 1], which by (3.1) has probability Ay.
Hence, the inclusion probability Ty can be expected to lie close to Ay, i.e. the approximation

T, = Axcan be expected to work well. This argumentation is a bit too loose, though, to be a
proof, but it provides a basis for a stringent proof.

3.2 Main steps in the proof

Start of the proof of Theorem 2.1: The interest concerns the probability w, that population
unit £ is sampled. For notational simplicity we choose, without loss of generality, k to be N
and, thus, consider my. Since the Q - variables have continuous distributions we need not
bother about ties in the definition of the order statistic Z(n) below.

Z(n) = the n:th smallest among Q;, Q2,...,0N.1- (3.3)

The fact that unit N is sampled if and only if Qn< Z(n) implies the relation (3.4), where Fz)(2)
denotes the distribution of Z(n). The right - most equality is justified as follows. Since Z(n) is a
function of Q;, Q2,..., Qn.1, wWhich are presumed to be independent of Qn, Z(n) and Qy are
independent, which yields P(Qn<z|Z(n) =z) = P(Qn<z).

Ty =P(Qv< Z(m) = [ P(Qy £2|Z()=2)dF,, (@) = [ PQy <2 (7). (34
For notational convenience we introduce the following shifted version of Z(n);

Z(n)*=Z(n)-1. (3.5)
Then (3.4) may be written;

Ty — Ay =J._°: [P(Qn £ 1+u) =2 JdF, . (w). (3.6)

By splitting the domain of integration in (3.6) into {|u| <z} and {|u|>z} and by using the tri-
vial estimate |P(Qn < 1+u) - Ax| £ 1 we get, forany z>0;

1
|y /Ay = 1] < — j(P(QN <1+u)=Ay) dE,, . () [+P(] Z()*| > 2) /Ay - 3.7)
N lul€z
In the first round we want to exhibit the broad lines in the proof. For that reason we employ
the contents in the following two lemmas straight away, while their proofs are deferred until
next section. For fruitful use of (3.7) we need results about P(Qg <1+ u) as function of u and
about the tails in the distribution of Z(n)*. First we introduce some notation.

Lower and upper bound functions, m(t; f) and M(t; f), for a function f(t) on [0, T) are defined
and denoted as follows. Note that m(t;f) decreases and M(t; ) increases as ¢ increases.
m(t;f) = inf £(s), M(t;f)=sup f(s), 0<t<rt. . (3.8)

0<s<t 0<s<t



Set, where h as usual denotes the density of H;
Tmax — H-l()\'max): u* = (TU - Tmax)/(z‘Tmax) 5

0= mM(Tmax+u*; h)/M(ty;h), p =M(ty;h)/m(Tmax; h). (3.9)
EEMMA 3.1: With notation according to (3.9) the following holds under (2.4);
P(Qx<1+u)=A+u-A-n(u), -1<u, (3.10)
with
d<m(w) <p, -1Su<u*. (3.11)

’—LEMYVIA 3.2: With notation according to (3.5), (3.8) and (3.9) we have under (2.4);

P(|Z(n)*|>2) <42 exp{-z-vVn-8/(2-+ I+z-p)}, 0<z<u¥, (3.12)
provided that the following condition is met;
n-[1-(Amax + p-u*+W*)?- p?+1/4n)] 2 1. (3.13)

Continuation of the proof of Theorem 2.1: We now return to the sequence situation in Theo-
rem 2.1, and pursue (3.7) in that setting. Then Amax, Tmax, U*, & and p depend on g. However,
as is readily realized, under (2.4) and (2.8) these quantities are uniformly bounded to the effect
that there exist values Amax, Tmax, U¥*, 8 and p such that;

A A <1, 1@ <t <1y, uP*2u*>0, §928>0, p@<p<eo,
7=1,23,... (.14)

A consequence of (3.14) and (2.7) is that u* can be, and is presumed to be, chosen so that for
some g < o= (3.13) holds for g = go. Moreover, z is presumed to satisfy;

0<z<u* (3.15)
Then Lemmas 3.1 and 3.2 can be employed. By using (3.10) and (3.11) in the integral in (3.7);
ImQ /AL 1) <p- [luldF, ¢ (@) +P(Z0,)*>2)/ Ay, q0<g. (3.16)
|lujz
By (3.12);
P(|Zy(n)*|>2) <4.2- exp{~2z-8-,/n, /(2:/1+2-p)}, 0<z<u*, go<q. 3.17)

A straightforward consequence of (3.17) and (2.7) is;

Z4(n)* converges in probability to 0, as g — oo. (3.18)
From (3.18) follows that the integral in (3.16) tends to 0 as g — . Moreover, from (3.17) and
(2.9) follows readily that P(Z (n,)* >z)/ ?»Nq — 0 as g —> oo,

Thereby the convergence (2.6) is established for population unit Ny. However, Nq can be seen
as an arbitrary unit in U, and the bounds used in the proof hold uniformly over the population
(as well as over g). Hence, Theorem 2.1 is proved but for Lemmas 3.1 and 3.2. o

3.3 Proofs of Lemmas 3.1 and 3.2

3.3.1 Proof of Lemma 3.1
By (1.4) and the fact that Ry is uniformly distributed on [0, 1];

P(Qe<1+u)=PH'RY< (1+u)-H' (W) =
=P(Re<H((1+u)-H'(W) =HH')+u-H'0), -1<u<e. (3.19)

We shall use the Taylor expansion f{x+A) = f(x) + A-f'(§), for some & between x and x+A.
By (2.4), H is differentiable on [0, Ty) with continuous derivative H'(t)= h(t). Hence, provided



that H () + u-H ') € [0, Tu), which is readily checked to hold for -1 < u < u*, Taylor
expansion of the last term in (3.19), with x = H (M) and A = u-H (M), leads to (3.20) below.
Note that H(H (M) = Ax.

P(Qx £1+1u) = Aetu-H () - %(u), (3.20)
where
O(w) =h(H () +0(u)-u-H' (&) for some 0 < O(w) < 1. (3.21)
From (3.21) follows readily, with m and M according to (3.8);
M(Tmax +u*; h) < Ou(u) < M(ty; h). (3.22)

By combining (3.20) and (3.21) with the estimate (3.23) below, Lemma 3.1 follows.
With m, M and Ty.x as in (3.8) and (3.9):

A/ M(Tmax 3 1) € H W) € M/ m(Tyax 1), £=1,2,...,N. (3.23)

To prove (3.23) we use the representation H(t) = '[Oth(s) ds, 0 £ t <ty which readily yields;
t-m(Tmax 3 h) € H) £ t-M(Tmaxsh), 0<t < Tmax- (3.24)
Inversion of (3.24) yields (3.23). o}

3.3.2 Proof of Lemma 3.2
The task is to derive an estimate of P(|Z(n)*| > z). We have;

P(|Z(n)*|>z) =P(|Z(n) -1|> z) = P(Z(n) <1- z) + P(Z(n) > 1+z), z>0. (3.25)
In the random variables introduced below, 1(A) denotes the indicator of the event A. Since the
Qy are presumed to be positive we confine to the domain -1 Su<eo,

Xuk=1(Qxs1+u), £=1,2,...,N, -1<u<oo, (3.26)

S(w) =X(u)+ X +... + X(Wn-1, -1 Su<eo, (3.27)
It is readily checked that the following relations hold;

{Z(n) < 1+u}={S@u)=n}, {Zm)>1+u}={S(u)<n-1}, -1Su<oo, (3.28)

From (3.27) is seen that information about the tails of the distribution of Z(n) can be obtained
via information about the distribution of S(u), which is a sum of independent Bernoulli vari-
ables. We insert a general result about such sums.

_LEMMA 3.3: Let S=X;+X,+...+Xg be a sum of independent Bernoulli variables
with P(Xy=1) = px, £ =1,2,...,R. Set;

R R
H= 2k=1 p, and ¢ = oo P =Dy - (3.29)
Then, provided that ¢ > 1, the following holds;
P(S2pu+B-0)<2.1-e™?, oo <P <oo. (3.30)

Alternative forms of the estimate in (3.30) are stated below.
Foranyb: P(S2b)<2.1-exp{~(b~-p)/c}, P(S<b)<2.1-exp{-(u—-b)/c}. (3.31)

Justification : The estimate (3.30) is derived as Lemma 2.2 in Rosén (2000 a). The left hand
part in (3.31) is a straightforward modification of (3.30). The right part is obtained e.g. from
the left part with b exchanged for R -b and variables X'y = 1-Xy, £ =1,2, ,R, which also are
Bernoulli variables, with S'=R-S, '=R-p and 6'=¢. Hence Lemma 3.3 is justified. o}



Continuation of the proof of Lemma 3.2 : The relations in (3.28) in combination with the
bounds in (3.31) with b = n yield the following estimates, for p(u) and o(u) in accordance with
(3.29), provided that o(u) > 1;

P(Z(n)> 1+u)=P(S(w)<n-1) < 2.1-exp{-[W(u) - (n-1)]/c(m)}, 0<u<oo, (3.32)

P(Z(n) < 1+u) =P(S(u) 2n) < 2.1 -exp{-[n-p@)]/c()}, -1<u<0, (3.33)
To continue we need expressions for {(u) and o(u) according to (3.29). Here R = N-1 and;

p(@) = P(X(u)x=1) =P(Qx <1+ 1) = by 3.10) = A + u- Ag-n(u), -1 <u. (3.34)
Hence;

N-1 N-1 N-1 N-1
p@)=Yp @)=Y A +u-> AN =byR2)=n-Ag+u- > A N @), (3.35
k=1 k=1 k=1 k=1

o' (W=, P @ [1-p ] = ¥ A 1=2) +
T A m @) (1=2:4, ) —ut Y2 o, @)~ Ay (1-hy). (3.36)
By (3.11) and (2.2) we get from (3.35) when0 <u<u*andn=>2;

pu)-(n-1)=1-2A, +u-NE—: Ay () 2u-d-(n—Ay)2u-n-d/2. (3.37)
Analogously foru<0andn 2k21;

n—p(u) =~y —u-]il?\,k-nk(u) 2|ul 8-N2_17Lk =lul-&-(n—-Ay)=|u(n-6/2. (3.38)
Next we consider Gz(u;, la.nd start with an up;:e; bound. By (3.36), the estimate -1<1-2-A <1,
k=1,2,...,N, (3.11) and (2.2) we have;

(WY A Q=-A)+[ul-3 " A m,(w) <

<n+uf-p- 30 A <n-(1+[ul-p). (3.39)
By employing the estimates (3.37) - (3.39) in (3.32) and (3.33) it is seen that P(Z(n) < 1-z) and
P(Z(n) > 1+ z) for z> 0 both are dominated by 2.1-exp{—|z|-«/r?-8/(2-\/1—+ﬁ}. This to-
gether with (3.25) yields (3.12).

However, we are not entirely through yet. Lemma 3.3 contains the premise 6(u)> 1, and it re-
mains to formulate conditions for that to be fulfilled. Again we start from (3.36). The estim-
ates 1- Ay >1-Amax, -1<1-2-A<1,and A (1-A) < /4, k=1,2,...,N, and (3.11) yield;

N

Wz Y " A (A-A)—ul- Y A n @) —ut Y TR, @) = Ay (1=Ay) 2

20 (1= Agg) =lul-p X Ay =02 7 3 TRy = Ay (1=2) 2
2n-[1- (Apax + Jul-p+u-p*+1/4n)].  (3.40)
From (3.40) is seen that (3.13) implies that o(u) = 1. Thereby the lemma is proved. o}



4 Ramifications of Theorem 2.1

4.1 On the rate of convergence in (2.6)
The estimates used in the proof of Theorem 2.1 allow derivation of bounds for the rate of con-
vergence in (2.6). Below we present a sharpened version of Theorem 2.1.

THEOREM 4.1: With notation and assumptions as in Theorem 2.1 ;
limgoe /0, - maxiey, |70 (0,)/2AP (n,) 1] < eo. (4.1)

Proof : We start from (3.16), and shall use the following general formula (which 1s readily
shown by partial integration) for any non-negative random variable X with density ;

jozxdFX(x)=j:P(X>x)dx+z-P(x>z), 0<z. (4.2)
By employing (4.2), the integral in (3.16) can be transformed as follows;;

[, 0l dF e = [T PUZ0)* | > w du+2-P( Z(n,)*| > 2). (4.3)
Combination of (3.16), (4.3) and (3.17) yields;

|R/AD 1] <

_<_4.2.[p.J':e—u-\/n_q-B/(Z-,/1+P~u)du+(p.Z+1/}\’Nq)’e~z~ﬁ-5/(2-,ll+p<z)]. (4.4)

Next we employ the following two general estimates, which are proved below.

Foro.>0and p >0: j:e"“‘“”“"‘“ du <~v2/0+4-p /o, (4.5)
Fora>0and0<z<1: z-e = “V % < Txp/(a-e). (4.6)

By using (4.5) and (4.6) in (4.4), with o=/ -8/2;
[ Q/AY ~11<4.2-[2:42-p/(B-\n,)+16-p/ (3" n )+

e pT+p /(B yfn)+e VI ET IR 1 @y
The claim in (4.1) now follows readily from (4.7) and (2.9).

Hence, it only remains to prove (4.4) and (4.5). The latter follows from the straightforward
inequality z-exp{- B -z} < 1/(B-e) together with 1+p-z<1+p,p>0and 0 <z < 1. The in-
equality (4.4) can be shown as follows.

_(x~u/\,l+p~u du=[0c-u=s]=J- —s/,[1+sp/ad <J' s/de+J' ~s/yf2- P go <
0

0 a/p

<

O'—-—uﬂ °'—\

"S/‘/_ds+j BT gs - [s/ 2 plo=x]=v2 + 4-& jx-e-*dx=ﬁ+4~p/a. (4.8)

0

4.2 Comments on weakenings of condition (2.4)
Theorem 2.1 is proved under the regularity assumption on the shape distribution H which is
stated in (2.4). A natural question is if (2.6) still holds if (2.4) is not satisfied. Upon some
thought it is realized that the previous proof can be modified in a straightforward manner to
work also under the following weaker assumptions on H.

(2.4) is changed to: h(t) is piece- wise continuous and strictly positive on [0,Ty).  (4.9)



(2.4) 1s changed to: h(t) is piece- wise continuous and strictly positive on (0, Ty ),
together with the assumption lim ., A% >0. (4.10)

However, it is an open question what happens to (2.6) generally if h(t) is not strictly positive
on [0,Ty), in particular if h(t) = 0 in a whole vicinity of 7 = 0.
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